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PREFACE. 


The  accompanying  Syllabus  is  an  outline  of  the  work  dealt 
with  for  some  years  by  Professor  Loudon  in  his  lectures  on 
Elementary  Mechanics,  and  it  is  hoped  that  the  present  publi- 
cation will  prove  a  convenience.  The  usual  division  into  Statics 
and  Dynamics  has  not  been  made,  but  these  two  parts  are 
considered  together. 

In  the  Examples,  the  object  aimed  at  was  adaptability  rather 
than  originality,  and  thus  some  familiar  exercises  may  be  found 
in  the  collection.  It  is  believed  that  this  part  of  the  work 
will  supply  the  student  with  an  adequate  means  of  testing  his 
knowledge. 

It  will  be  noticed  that  the  difference  between  a  pound  mass 
and  a  pound  force  has  been  emphasized  by  using  a  distinct 
abbreviation  in  each  case.  This  was  suggested  by  an  instructor 
of  wide  experience,  and  will  be  found  a  valuable  expedient. 

Though  primarily  intended  for  the  use  of  students  in  Physics 
at  the  University,  it  is  probable  that  teachers  in  other  institu- 
tions will  find  this  little  work  useful. 

Professor  Loudon's  numerous  other  duties  prevented  him 
from  revising  any  part,  either  before  or  during  the  time  of 
printing. 

0.  A.  C. 

Toronto,  October  1st,  1892. 


USEFUL  RESULTS. 

1  gram  =  15*43  grains. 
1  kilo.   =    2-20  lbs.  avoir. 

1  ounce  (avoir.)  =  28 J  grams. 
1  lb.  "       =  451       " 

1  iuch  =  2-5  cms. 

1  mile  =1-6  kilometres. 

1  cm.   =  -3937  inches. 

v/"2~=  1-414214. 
^-3-=  1-732051. 


SYLLABUS  OF  ELEMENTARY  MECHANICS. 


THE  MOTION  OF  A  PARTICLE,  OR   A   POINT. 

1.  When  the  distance  between  two  points  alters  in  magni- 
tude or  diction,  or  both,  eaeh  point  is  said  to  move  relatively 
to  the  other.  J 

E  camples. 

2.  Velocity  of  a  particle  at  a  point,  and  at  an  instant,  defined. 

3.  Such  velocity  may  be  represented  geometrically  by  a  line 
rf  proper   length,  drawn  from  any   point  in   the   direction  of 

Examples. 

(1)  Horizontal  motion  in  line  AP;  velocities,  chang- 
ing abruptly,  represented  by  horizontal  lines,  and 
time  by  vertical  line  Ot. 

Or- 


Fig. 


— |q 


(2)  Vertical  motion   in  line  AP,  velocities  increasing  • 
time  represented  by  horizontal  line. 
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vPP 


Fig.  2. 


(3)  Motion  in  curve  AP ;  velocities  changing  in  both 
magnitude  and  direction  ;  time  not  represented. 


Fig.  3. 


4.  Strictly  speaking  a  change  of  velocity  requires  time,  and 
does  not  take  place  instantaneously.  The  so-called  instantaneous 
change  from  BD  to  BC  (Fig.  1)  should  therefore  be  represented 
as  in  the  annexed  figure,  the  time  being  represented  by  BB'. 


| 

R 

B' 

C 

Fig.  4. 
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The  velocities  in  collisions,  etc.,  are  represented  thus. 
5-   Velocity,  when  constant,  is  calculated  from  the  formula 

s 

where  t  may  have  any  value,  large  or  small.  When  the  velocity 
varies,  the  same  formula  gives  approximations  which  become 
closer  as  t  is  diminished. 

The  use  of  the  Chronograph  in  measuring  small  intervals 
of  time. 

6.  Component  velocity  denned. 

7.  When  the  velocity  alters  in  magnitude,  or  direction,  or 
both,  there  is  said  to  be  a  change  of  velocity.  Rate  of  change  of 
velocity  is  called  acceleration  or  retardation. 

8-  When  a  velocity  AB  becomes  AC  in  time  t,  BC  is  called 
the  change  of  velocity  in  time  t. 

9.  By  the  acceleration  at  a  point,  or  instant,  is  meant  the 
change  that  would  take  place  in  unit  time,  the  acceleration 
remaining  constant  for  that  time. 

10.  If  the  acceleration  (/)  is  constant,  and  the  motion  recti- 
tineal,  and  if  velocity  v  become  v  in  time  t 

j._  v'—v 
S  ~~     t 

11.  If/  is  constant,  and  the  motion  curvilinear,  then  the 
value  of  /  depends  on  the  magnitude  and  directions  of  the 
velocities  at  the  beginning  and  end  of  any  time. 

Thus  if  in  t  seconds  the  velocity  AB  at  P  (Fig.  5)  becomes 

AC  at  Q, 

BC 
f  = ,   (acceleration  constant) 

which  can  be  calculated  when  AB,  AC  and  the  angle  A  are 
known. 
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Fig.  5. 

12.  The  component  acceleration  in  a  specified  direction  is  the 
acceleration  of  the  corresponding  component  velocity. 

13.  When  the  acceleration  varies  in  magnitude,  or  direction, 

or  both,  and  a  velocity  AB  at  P  (Fig.  6)  becomes  AC  at  Q  in 

BO 
time  t,  then  —  approximates    more   and  more   closely    to    the 

acceleration  at  P  as  BC  and  t  are  taken  smaller  and  smaller. 

In  uniform  motion  in  a  circle  the  acceleration  at  any  point 


is  towards  the  centre  and  equal  to  — 


Fig.  6. 
14.   If  the  unit  of  time  be  changed  from  1  second  to  t  seconds, 
the  numerical  value  of  the  acceleration  will  be  changed  from/ 
to/*2. 
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CALCULATION  OF  SPACE  DESCRIBED  IN  RECTI- 
LINEAL MOTION. 

15.  If  v  is  constant,  s  =  vt 

16.  If  /  is  constant,  and  initial  velocity  =  0,  s  =  \ft2  , 
being  equal  to  the  space  described  in  t  seconds  with  the  average 
velocity  \ft.  If  time  and  velocities  be  represented  geometrically 
(Art.  3)  s  will  be  equal  to  the  area  of  the  triangle  Otv. 


tv=/t. 
(Area  =  4/^) 


Fig.  7. 


2< 


In  such  cases  of  motion,  since  f  =  — g-,  it  follows  that  / 

may  be  measured  by  twice  the  space  from  rest  in  1  second.    Also 
since  the  spaces  described  in  1,  2,  3,  . . .  .seconds are  respectively 

/     1/   9/ 

2'    2  '    2  '    "" 

it  follows  that  the  distances  traversed  in  the  1st,  2nd,  3rd,  .... 
seconds  are  as  the  odd  numbers  1,  3,  5  .... 

17.  Let  f  be  constant,  and  initial  velocity  be  u.  Here  the 
final  velocity  is  u  +  ft,  and  s  =  ut  -f  J  ft2  ,  being  equal  to  the 
space  described,  with  average  velocity  u  +  \ft,  in  time  t  seconds. 
In  this  case  the  space  described  will  be  represented  geometrically 
by  the  area  Otvu. 


Ot  —  t,  Ou  =  u 
tv  =  u  -J-  tf . 

(Area=  w*  +  J/*2) 


Fig.  8. 

18.  If  a  particle  P  moves  horizontally  from  a  point  0  with 
an  initial  velocity  u,  and  its  velocity  is  subject  to  a  constant 
vertical  acceleration  g,  its  horizontal  velocity  subsequently  re- 
mains u,  whilst  its  vertical  velocity  in  time  t  becomes  gt.  Hence 
the  horizontal  distance  described  by  the  particle  is  ut,  whilst  the 
vertical  distance  is  \  gt2  . 
0  MA 


S  \  -c 

Fig.  9.  Fig.  10. 

Thus  if  P  be  the  position  of  the  particle  at  the  end  of  t 
seconds,  PN  =  ut,  PM  =  \  gt1 . 

Since  ON  also  =  \g&  ,  the  time  of  flight  from  0  to  P  is 
the  same  as  the  time  of  fall  from  0  to  $. 

Experiment  to  illustrate. 

Fig.    10  shews  the  component  velocities  (and   also  the 
resultant  velocity)  of  the  body  when  at  P. 

19.  If  the  particle  is  projected  with  velocity  u  at  an  angle  a 
with  the  horizon,  and  there  is  a  constant  vertical  acceleration  g, 
then  the  horizontal  velocity  remains  u  cos  a  throughout    the 


ELEMENT  A  R  Y  MEG II A  NIC*!. 


motion,  whilst  the  vertical   velocity  at  the  end  of  time  t  has 
become  u  sin  a  —  gt 


BH  =  u  sin  a 

CH  =  U  sin  a  —  gt. 


u  cos  a 


Fig.  12. 


Hence  the  horizontal  distance  P#,  in  time  t,  =  u  cos  a.  t, 

whilst  the  vertical  distance  PM  =  u  sin  a.t  —  \gt'L . 

The  vertical  velocity,  which  =  u  sin  a  —  gt,  becomes  0  in 

u  sin  a 
time 
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MASS,  DENSITY  AND  SPECIFIC   GRAVITY. 

20.  The  mass  of  a  body  is  the  quantity  of  matter  contained 
therein,  and  is  measured  by  the  number  of  unit  masses  it  will 
counterbalance  in  the  process  of  weighing. 

The  density,  when  uniform,  is  the  mass  of  volume  1. 
Thus  M  =  D  V. 

If  D  be  the  density,  supposed  uniform,  of  a  substance, 
and  DQ  the  density  of  a  standard  substance  (water),  then  the 
specific  gravity  of  the  former  is 

D 

Hence  D  =  D0s,  may  be  calculated,  from  a  table  of 
specific  gravities  when  D0  is  known. 

In  the  C.  G.  S.  system  DQ  =  1,  and  therefore  D  =  s. 


MOMENTUM. 


21.  Momentum  =  mv,  its  direction  being  the  direction  of  v 
and  its  sense  the  sense  of  v.  Momentum  may  be  represented 
by  directed  finite  straight  lines. 

22.  Component  of  momentum  defined. 
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FORCE. 


23.  When  a  momentum  mv,  represented  by  AB  (Fig.  5), 
changes  in  time  t  to  AC,  BC  is  called  the  change  of  momentum 
in  the  time  t,  and  Force  is  said  to  act. 

24.  The  rate  of  change  of  momentum  at  a  point  is  the  measure 
of  the  force  there,  mf,  where  m  is  the  mass  of  the  particle  and/ 
its  acceleration. 

25.  Application  of  Newton's  first  and  second  Laws  of  Motion 
to  these  cases. 

26.  Effects  produced  by  a  constant  force  acting  for  a  specified 
time. 


UNITS  OF  FORCE. 

2*7.  If  the  units  of  length,  mass  and  time  be  respectively  a 
foot,  a  pound  (avoir.)  and  a  second,  the  corresponding  unit  force 
is  called  a  poundal,  or  the  British  absolute  unit  of  force. 

Since  the  force  of  gravity  on  1  lb.  (mass)  =  1  X  32,  this 
force  (the  pd.)  is  equal  to  32  poundals. 

28.  If  the  unit  mass  is  32  lbs.,  the  units  of  length  and  time 
being  a  foot  and  a  second  as  before,  the  corresponding  unit  force 
is  called  a  pound-force,  or  the  British  gravitation  unit  of  force. 

Thus,  since  the  mass  of  1  lb.  would  now  be  measured  by 
-£%,  the  force  of  gravity  on  1  lb.  would  be  equal  to  J-2  X  32  =  1, 
the  gravitation  unit. 

29.  The  French  absolute  unit  of  force  is  called  a  dyne,  the 
corresponding  units  of  length,  mass  and  time  being  a  centimetre, 
a  gram  and  a  second  (the  C.  G.  S.  system). 
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30.  The  French  gravitation  unit  of  force  is  a  kilogram-force, 
the  corresponding  units  of  length,  mass  and  time  being  a  metre, 
9  "81  kilograms  and  a  second. 

1  kilo-force  =  981,000  dynes. 

31.  The  change  of  momentum  in  a  specified  direction  is  the 
change  in  the  corresponding  component  of  momentum.  Thus, 
if  the  momentum  AB  becomes  AC,  so  that  the  change  of  momen- 
tum is  BC,  the  horizontal  change  of  momentum  is  DC,  and  the 
vertical  change  -  BD. 


For  DC  =s  AC  —  AB',  the  difference  between  the  hori- 
zontal components  of  AB,  AC,  whilst  —  BD  =  CC  —  BB',  the 
difference  between  their  vertical  components. 
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FORCES  ACTING  SIMULTANEOUSLY. 

32.  When  two  finite  forces  act  simultaneously  on  a  particle, 
the  change  of  momentum  which  they  would  produce  if  continued 
constant  in  any  time,  is  such  that  its  component  in  the  direction 
of  either  force  is  the  same  as  if  that  force,  continued  constant, 
acted  singly  for  that  time. 

Thus  two  constant  forces  A  B,  BC,  acting  on  a  particle  P 
at  rest,  would  produce  in  unit  time  a  momentum  AC,  the  mo- 
menta which  they  would  separately  produce  in  the  same  time 
being  AB,  BC  ;  in  half  the  unit  time  they  would  produce  a 
momentum  AE '  =  \AC,  the  components  of  which  are  AD,  DE ; 
and  so  on. 


As  the  same  effects  would  be  produced  by  the  single  force 
AC,  it  follows,  as  before,  that  the  two  finite  forces  AB,  BC  are 
equivalent  to  A  C. 

33.  The  propositions  of  arts.  24,  31,  32  are  involved  in  New- 
ton's second  Law  of  Motion  which  asserts  that : 

Change  of  momentum  is  proportional  to  the  impressed 
force,  and  takes  place  in  the  direction  of  the  straight  line  in 
which  the  force  acts. 

34.  The  Parallelogram  of  Forces. 

35.  Composition  of  any  number  of  forces,  (Graphical  method). 
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Example :    The    forces  AB,   BC,   CD,  DE,  acting  at  a 
point  P,  are  equivalent  to  the  single  force  AE. 


Fig.  15. 
36.   Resolution  of  Forces. 

37-  The  Triangle  and  Polygon  of  Forces. — Experiment. 
38.  Conditions  of  equilibrium,  forces  in  one  plane. 

The  algebraic  sums  of  the  components  of  the  forces  in 
any  two  directions  must  separately  vanish. 
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GRAVITATION. 

39.  According  to  Newton's  law  of  gravitation,  two  particles 
of  matter  attract  each  other  with  a  force  whose  direction  is  the 
line  joining  them,  and  whose  intensity  varies  directly  as  (or  may 
be  measured  by)  the  product  of  their  masses  divided  by  the 
square  of  the  distance  between  them. 

_  .       .        rani 

Thus  F  is  proportional  to  —£- 


m 


m 


Fig.  16. 
The  attraction  of  a  body  of   sensible  dimensions  on  a  par 
tide  is  accordingly  the  resultant  of  the  attractions  of  its  com- 
ponent particles. 

"When  the  body  is  a  spherical  shell  of  uniform  density  its 
attraction  on  an  external  particle  is  found  by  calculation  to  be 
the  same  as  if  its  mass  were  all  concentrated  at  its  centre. 

Thus  the  attraction  of  shell  of  mass  M  on  unit   mass  at  P 

M  M 

is  -—£ ,  which  becomes  — ==-  if  the  particle  is  on  the  surface. 


Fig.  17. 

If  the  particle  be  situated  anywhere  within  the  shell  the 
attraction  is  zero. 

Hence  it  follows  that  the  attraction  of  a  sphere  made  up 
of  shells,  each  of  uniform  density,  on  a  particle  outside  is  the 
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same  as  if  the  mass  of  the  sphere  were  concentrated  at  its 
centre  ;  whilst  its  attraction  on  a  particle  below  its  surface  is  the 
attraction  on  it  of  the  sphere  whose  radius  is  the  distance  of  the 
particle  from  th  e  centre. 


Fig.  18. 

40.  The  effect  of  setting  a  sphere  rotating  round  a  diameter 
is  to  introduce  on  a  surface  particle  central  forces  tending  towards 
the  axis  (Art.  13).  Hence,  at  the  equator  if  mg  represent  the 
weight  of  a  body,  R  the  reaction  of  the  earth,  v  the  velocity  of 
the  body  and  r  the  earth's  radius, 

v2  J? 

m  —  =  mg  —  it. 

r 
Therefore  R  =  0  when  v2  =  gr,  in  which  case  it  will  be  found 
that  v  would  be  about  17  times  the  velocity  due  to  the  actual 
rotation  of  the  earth. 

41.  Methods  of  determining  g. 

At  the  equator  g  =  32-088  ;  at  the  poles  g  =  32  252. 
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WORK  AND  ENERGY. 

42.  If  the  point  of  application  of  a  force  moves,  the  force  is 
said  to  do  work. 

The  work  done  by  a  constant  force  F  whose  point  of  appli- 
cation is  displaced  from  A  to  B  is  measured  by  Fcos  d'AB,  where 
0  is  the  angle  between  A B  and  the  direction  of  F. 


Fig.  19. 
If  C  be  the  foot  of  the  perpendicular  from  B  on  the  line  of  action 
of  F  at  A,  since  A  B  cos  6  =  AC,  the  work  is  also  measured  by 
F'AC,   AC  being  the  displacement  estimated  in   the  direction 
of  F. 

43.  Since  cos  6,  or  AC,  may  be  +  ,  —  ,  or  0,  the  work  may 
be  -f  )  —  >  oi*  0. 


Tig.  20. 

44.  When  F  is  variable,  an  approximation  to  the  work  done 
may  be  had  by  dividing  the  finite  displacement  into  displace- 
ments so  small  that  for  each  of  them  the  force  may  be  considered 
constant,  and  estimating  the  work  corresponding  to  each. 

45.  The  unit  of  W  is  the  work  done  by  unit  force  working 
through  unit  length  in  its  own  direction  and  sense. 
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In  the  British  absolute  system,  the  unit  force  being  a 
poundal,  the  unit  work  is  a  foot-poundal.  The  foot  poundal  is 
therefore  approximately  the  work  done  by  gravity  when  Joz. 
descends  vertically  1  foot. 

In  the  French  absolute  system  (C.  G.  S.),  the  unit  fo/ce 
being  a  dyne,  the  unit  of  work  is  an  erg. 

In  the  British  gravitation  system,  the  unit  force  being  a 
pound-force,  the  unit  of  work  is  the  foot-pound. 

In  the  French  gravitation  system  the  unit  force  being  the 
weight  of  a  kilogram,  the  unit  of  work  is  the  kilogram-metre. 

46.  The  amount  of  work  may  be  represented  graphically  by 
setting  off  in  one  line  lengths  equal  to  the  displacements  esti- 
mated in  the  direction  of  the  forces,  and  drawing  perpendiculars 
thereto  to  represent  the  corresponding  forces.  The  sum  of  the 
areas,  of  which  these  lines  are  adjacent  sides  will  represent  the 
work  done. 


Fig.  21.  Fig.  22. 

Thus  if  F,  the  force  =  Oy,  and  the  displacement  in  the 
direction  of  F  =  Ox,  W  =  rectangle  yOx.  If  F  diminishes  from 
OB  to  0,  and  displacement  =  OA,  W  =  triangle  BOA. 

47-  Work  done  by  a  blow. 

48.  The  power,  or  activity  of  an  agent  in  its  rate  of  doing 
work,  and  is  measured  by  the  work  that  could  be  done  in  unit 

time. 

The  practical  unit  of  power  is  1  Horse-power,  which  is 

equivalent  to  33,000  foot-pounds  per  minute. 

A  Watt  is  equivalent  to  10,000,000  ergs  per  second  ;  and 

746  Watts  =  1  Horse-power. 
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49.  The  kinetic  energy  of  a  particle  whose  mass  is  m  and 
velocity  is  v,  is  |  mv2  . 

50.  When  work  is  done  on  a  particle,  or  system  of  uncon- 
nected particles,  the  amount  of  work  done  or  consumed  is  an 
exact  equivalent  of  the  gain  or  loss  of  kinetic  energy. 

Applications  of  this  principle  to  establish  some  of   the 
laws  of  falling  bodies. 
51-   Examples  : 

(1)  A  heavy  particle  m  falls  from  rest  through  a  height 

h ;  the  velocity  attained  being  v,  the  gain  of  energy- 
is  £  mv2  ,  and  the  work  done  by  the  weight  mg  is 
mgh; 

.  * .  \  mv2  =  mgh,  or  v2  =  2gh. 

(2)  How  high  will  m  rise,  if  its  initial  vertical  velocity 

is  1 28  ft.  per  second  1 

Here  initial  energy  is  \m  (128)2  ,  final  energy  is 
0 ;  word  done  against  gravity  is  mgh  =32  mh,  if 
h  be  the  required  height ; 
.  • .  32mA  =  \m  (128)2  |  0l.  h  =  256  feet. 

(3)  If  initial  velocity  downwards  =  u,  and  final  =  v, 

then  \  mv2  —  £  mu2  =  mgs,  where  s  is  the  dis- 
tance traversed. 

Since  in  this  case  v  =  u  +  gt ,  we  get,  on  substi- 
tuting for  v,  8=  ut  +  I  gt2  ,  as  in  Art.  17. 

(4)  If  m  falls    down   a    smooth  inclined   plane    from 

rest  at  A,  and  reaches  B  with  velocity  v,  then 
^  mv2  =  ing  sin  a'AB 
=  mg-AC. 


Fig.  23. 
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W 


Here  the  forces  are  mg  and  the  reaction  of  the 
plane.  The  effective  part  of  the  former  in  the 
direction  of  motion  is  mg  sin  a,  that  of  R  is  0  since 
the  surface  is  smooth. 

If  m  be  projected  with  velocity  u  at  an  angle  a 
with  the  horizon,  the  loss  of  energy  when  it 
reaches  the  highest  point  of  its  path  is 

\  mu2  —  \  mu2  cos2  a  , 
since  u  cos  a  is  the  velocity  there  (Art.  19).     If  h 
is  the  height  of  this  point 

J  mu2  —  £  mu2  cos*2  a  =  mgh  ; 
u2  sin2  a 


and  h 


2<7 


(6)  If  CA  represent  a  simple  pendulum  which  starts 
from  the  position  CA,  its  energy  in  the  position 
CB,  I  mv2  ,  is  equal  to  the  work  done  by  the 
weight  Tng,  i.e.,  mg  BD. 

Hence  v2  =  2g  BD  =  2gl  (1  —  cos  C). 

Observe  that  the  tension  ^does  no  work,  since  the 
displacement  is  perpendicular  to  its  direction  ;  and 
also  that  the  string  is  supposed  to  be  without 
weight. 


Fig.  24. 
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CENTRE  OF  MASS. 

52.  If  the  masses  of  a  number  of  particles  be  denoted  by 
mlf  ra2 ,  ....  and  their  distances  from  a  plane  by  xx ,  x3 ,  . .  . . 
the  distance  x  of  their  centre  of  mass,  from  the  plane  is 

—       mxxx  -f  m2x2  -f    

88  • "   m,  -f  ra2  -f 

Two  particles  m,  m'  are  said  to  have  a  centre  of  mass,  or 
centre  of  inertia,  G,  whose  position  is  found  from  the  formula 

mx  +  rn'of 

0(x  =  ; —  f 

m  -\-  m 
Where  x,  x'  are  the  distances  of  m,  m',  measured  in  the  same 
direction,  from  a  point  0  in  the 

A 8 

6  m  5' 

Fig.  25. 

line  joining  them.     Distances  measured  to  the  left  of  0  must  be 

affected  with  a  "  —  "  sign. 

If  0  coincides  with  A,  the  formula  becomes 

A  „       m!  AB 

AG  =  . 

m  +  m' 

53.  If  in  the  preceding  case  m  and  m!  move  uniformly  along 
AB  with  given  velocities  u  and  u',  the  velocity  of  G  will  be 

mu  4-  m'  u' 
m-t-m' 
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COLLISION. 


54.  If  two  particles,  moving  in  the  same  line,  collide,  impul- 
sive forces  are  brought  into  play,  by  the  action  of  which  the  par- 
ticles acquire  at  a  certain  instant  a  common  velocity.  If  w  be 
this  common  velocity,  then  with  the  notation  of  Art.  53,  the 
change  of  momentum  of  m!  during  the  first  part  of  the  collision 
is  m'w  —  m'u',  and  this  represents  the  impulsive  force  or  action 
of  m  on  m'. 

Again  the  change  of  ra's  momentum  is  mw  —  mu,  and 
this  represents  the  reaction  of  m'  on  m.  Hence,  by  Newton's 
Third  Law,  m'w  —  m'u'  =  —  (mw  —  mu),  and 

mu  +  m'u' 
m  +  m 
which  is  the  velocity  of  the  centre  of  mass.  After  acquiring 
this  common  velocity,  the  particles  either  move  on  together  as 
one  mass,  or,  as  generally  happens,  they  separate  with  velocities 
v,  xf  which  can  be  determined  by  applying  Newton's  experimental 
law,  according  to  which 

v'  —  v  =  e(u  —  u'), 
where  e  is  a  constant,  depending  on  the  nature  of  the  particles. 
This  constant,  which  is  called  the  coefficient  of  restitution,  is  al- 
ways <  1.     For  glass  it  is  -}-|. 

55.  Let  m,  moving  with  velocity  u,  strike  a  similar  particle 

m  at  rest. 

u 
Then   (1)  m  (w  —  u)  =  —  mw,  or  w  =  -  • 

(2)  m  (v  —  w)  =  —  m  (vr  —  w), 
or  v'  +  v  =  2w  =  u. 
Also  v'  —  v  =  eu, 

.•.v  =  -(l-e),and«;'  =  -(l  +  e). 
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Hence  if  e  =  1  nearly,  v  =  0  and  v'  =  u  nearly ;  or  the 
second  ball  would  approximately  move  off  with  the  velocity  of 
the  first. 

Experiment. 
56.  Graphical  representation  of  impact  in  the  preceding  case, 
e=  1. 


F 


If 
;--.. 


O  E  B      C        H  A 

Fig.  26. 

OA  is  the  line  of  time,  BC  representing  the  duration  of  the 
impact ;  EF,  the  perpendicular  from  the  heavy  line  on  the  line  of 
time,  represents  the  velocity  of  the  first  ball  before  impact,  and 
HK,  the  perpendicular  from  the  light  line,  the  velocity  of  the 
second  after  impact.  The  velocity  of  the  centre  of  mass  G  is 
equal  to  the  perpendicular  from  the  dotted  line,  and  at  D  the 
velocities  become  equal  to  that  of  the  centre  of  mass. 
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EQUILIBRIUM  OF  RIGID  BODIES. 

57.  When  the  particles  of  a  solid  body  are  subjected  to  the 
action  of  balanced  forces,  the  relative  positions  of  the  particles 
become  more  or  less  altered,  and  the  body  is  said  to  be  strained. 
These  strains  bring  internal  forces  or  stresses  into  play  which 
disappear  with  the  external  forces.  In  order  to  avoid  the  con- 
sideration of  such  internal  forces  we  shall  suppose  solids  to  be 
perfectly  rigid,  such,  i.e.,  that  the  action  of  external  forces  pro- 
duces no  change  in  the  relative  positions  of  the  component  parti- 
cles. 

External  forces  acting  on  a  body  are  of  two  kinds  : — 

(1)  Those  which  affect  every  part  of  the  body  ;  e.g.  the 

attraction  of  gravity,  magnetic  attractions  or  re- 
pulsions. 

(2)  Surface  pressure,  and  attractions  and  repulsions 

which  are  distributed  over  the  whole  or  part  of  the 

boundary  ;  e.g.  the  pressure  of  bodies  in  contact, 

the  pressure  of  the  surrounding  air  j  attraction  or 

repulsion  of  electrified  pith  balls. 

Forces  of  the  former  kind  are  specified  as  being  so  much 

per  unit  mass  :  forces  of  the  latter  kind  as  being  so  much  per 

unit  area. 

58-  Moment  of  a  force  about  a  point  defined  :  "  +  "  and 
"  —  "    moments. 

59.  When  a  number  of  forces  act  on  a  rigid  body  in  the 
same  plane  they  will  be  in  equilibrium  if  both  of  the  following 
conditions  are  satisfied  : — 

(1)  The  algebraic  sum  of  the  forces  resolved  in  any 

two  directions  must  vanish. 

(2)  The  algebraic  sum  of  the  moments  of  the  forces 

about  any  point  in  their  plane  must  vanish. 

60.  Deduction  of  the  preceding  conditions  from  the  Principle 
of  Energy.     (Art.  50). 
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PARALLEL  FORCES. 

61.  To  find  the  resultant  E  of  two  parallel  forces  P,  Q,  acting 
at  given  points  of  a  body. 


Fig.   27. 

Since  —  R,  P,  Q  are  in  equilibrium,  we  have  (Art.  59) 

(1)  Resolving  in  direction  AP, 

-R  +  P+Q  =  0;    .-.    fi=P+Q. 

(2)  Taking  moments  about  C  , 

Q  X  AB 


PX  A'C=Qx  B'C  .'.  AC 


P+Q 


CENTRE  OF   GRAVITY. 

62.  If  the  weights  of  the  component  particles  of  a  body  be 
taken  to  be  parallel,  their  resultant  weight,  which  is  their  sum, 
may  be  taken  to  act  at  a  determinate  point  called  the  centre  of 
gravity  (G). 

Thus  if  the  particles  be  in  one  plane,  the  body  on  being 
supported  at  G  will  be  in  equilibrium. 

Hence,  taking  moments  about  a  point  0, 

Mg.  x  =  mxg.  xx  +  m^g.  x2  + 

where  M  =  mJ  +  m2  -f  ....  and  xx ,  x2 ,  .  .  .  .  x ,  denote  the  dis- 
tances of  the  vertical  forces  at  m: ,  m%,  ....  and  G  from  0  . 
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63.  Centre  of  gravity  of  a  straight  wire,  a  triangular  plate,  etc. 

64.  Experimental  determination  of  G  by  marking  the  vertical 
through  different  points  of  suspension. 

65.  Stability  and  instability  of  equilibrium. 

66.  Balancing  couples. 

67.  Examples  of  equilibrium, — the  lever,  inclined  plane,  etc. 

68.  The  Balance — sensibility,  stability. 
Double-weighing. 


FRICTION. 


69.  Hitherto  the  surfaces  of  bodies  in  contact  have  been  sup- 
posed perfectly  smooth,  so  that  the  action  at  any  point  of  the 
surface  could  take  place  only  along  the  normal  there.  In  nature, 
however,  the  surfaces  of  bodies  are  more  or  less  rough,  and  the 
direction  of  the  mutual  pressures  between  two  bodies  may 
assume  any  position  between  the  normal  and  a  line  inclined  to 
it  at  an  angle  whose  magnitude  depends  on  the  nature  of  the 
bodies  in  contact.  The  tangent  of  this  angle  e,  which  is  some- 
times called  the  angle  of  repose,  is  called  the  coefficient  of 
friction  (/*). 

Thus,  for  earth  on  earth,  damp  clay, 

e  =  45°,  ;,  =  1. 
For  timber  on  metals, 

e  varies  from  ll°-3  to  31°,  fi  from  0'2  to  0-6. 
For  timber  on  timber, 

e  varies  from  11° -3  to  26° -5,  p.  from  0 -2  to  0-5. 
When  the  action,  B,  between  the  bodies  is  resolved  into 
two  forces,  one,  JV,  along  the  normal,  and  the  other  along  the 
surface  of  contact,  the  latter  is  called  friction  (F). 
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Friction   therefore   assumes  its  greatest  value,   and  the 
body  is  on  the  point  of  moving,  when  the  direction  of  R  makes 
the  angle  c  with  the  normal.     In  this  case 
F  =  N.  tan  e  =  p.  N. 
70.  Examples  : 

(1)  Ten  pounds  resting  on  a  level  plane  is  on  the  point 
of  moving  under  the  action  of  P  applied  at  30°  ; 

A*  m  I 


Resolving  vertically  and  horizontally, 


i^+2-  =  io, 


F  = 


Px/S 


(3) 


.  •.   P=  4-5,^=  3-9  (approx.) 
(2)  If  P  =    3    in  the  preceding    example,    resolving 
horizontally,    we   find   F  =  3  X  cos  30°  =  2-6 
nearly. 

W,  resting  on  a  rough  inclined  plane,  is  on  the 
point    of  moving    down.       Resolving   along    and 
perpendicular  to  the  plane,  we  have 
F  =  W  sin  a 
N  =  W  cos  a  . 
.  • ..  F  =»  N  tan  a . 
But  F  =  N  tan  s  ;  hence  a  in  this  case  must  equal 
the  angle  of  repose,  and  its  tangent  is  the  coeffi- 
cient of  friction. 
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(4)  Graphical  representation  of  friction  . 

A  given  weight  W,  placed  on  a  rough  level  surface, 
is  on  the  point  of  moving,  owing  to  the  action  of 
a  pull  or  a  push. 

R 


Fig.  30.  Fig.  31. 

P  is  represented  by  BC,  BC ,  BG" 

The  force  of  friction  by  CD,  CD',  CD" 

The  least  value  of  P  is  BC ,  making  an  angle  s 
with  the  horizon. 
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NOTE. 

(1)  As  "pound"  is  ambiguous,  and  can  represent  either  a  mass  or  a 
force,  the  following  distinguishing  abbreviations  are  used  : 

1  lb.  means  1  pound  mass. 
1  pd.     "        1  pound  force. 

(2)  With  the  usual  British  units,  the  value  of  gravity,  unless  otherwise 
stated,  is  to  be  taken  as  32. 


VELOCITY. 

1.  Give  instances  of  the  relative  motion  of  two  points  : 

(1)  Where  the  distance  only  varies  ; 

(2)  Where  the  direction  of  the  line  joining  changes  ; 

(3)  Where  these  two  variations  are  simultaneous. 

2.  Why  is  it  necessary  to  take  the  velocity  at  a  point,  or 
instant  ? 

At  the  beginning  of  a  minute  a  train  is  moving  with  a 
velocity  of  5  miles  an  hour ;  it  regularly  increases  its  velocity, 
and  at  the  end  of  the  minute  is  moving  with  a  velocity  of  25 
miles  an  hour.  Find  the  velocity  at  the  end  of  the  30th  second, 
and  at  the  end  of  the  45th  second. 

3.  A  point  is  moving  in  a  straight  line.  At  the  beginning  of 
the  time  a  velocity  of  10  feet  per  second  is  suddenly  given  it ; 
at  the  beginning  of  the  third  second  an  additional  velocity  of  15 
feet  per  second  is  imparted  ;  at  the  beginning  of  the  fourth 
second  it  is  suddenly  reduced  to  5  feet  per  second  ;  and  at  the 
beginning  of  the  seventh  second  a  velocity  in  the  opposite  direc- 
tion of  20  feet  per  second  is  given.  Represent  these  velocities 
geometrically  on  a  suitable  scale. 
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4.  A  body  is  thrown  vertically  upwards  with  a  velocity  of  600 
feet  per  second  ;  the  velocity  regularly  decreases  to  zero,  and  then 
increases  in  the  same  manner.  Draw  a  diagram  representing  the 
velocities  from  the  time  the  body  leaves  the  ground  until  it 
again  reaches  it. 

5.  A  particle  is  moving  uniformly  in  a  circle.  From  a  point 
draw  lines  to  represent,  in  magnitude  and  direction,  the  velocity 
at  the  different  points  of  the  path. 

6.  A  rubber  ball  is  dropped  from  a  height  h  feet,  falls  for  t 
seconds,  and  strikes  a  horizontal  surface  with  a  velocity  of  v  feet 
per  second ;  it  rebounds  with  half  that  velocity,  and  in  t  seconds 
more  again  strikes  the  plane.  Draw  a  diagram  representing  the 
velocities. 

7.  A  ball,  moving  with  a  velocity  of  50  feet  per  second,  is 
struck  with  a  bat  and  returned  in  the  same  straight  line  with  a 
velocity  of  125  feet  per  second.  Represent  the  velocities 
geometrically. 

8.  A  point  has  displacements  9  feet,  10  feet,  11  feet,  12  feet, 
in  four  consecutive  seconds.  Find  its  average  velocity  for  the  four 
seconds,  for  the  first  three  seconds,  and  for  the  last  three  seconds. 

9.  A  body  is  displaced  5  feet,  3  feet,  1  foot,  — 1  foot,  — 3  feet, 
in  five  consecutive  seconds.  Shew  that  the  average  velocity  for 
the  five  seconds  is  1  foot  per  second. 

10.  The  spaces  passed  through  in  five  consecutive  seconds  were 
20  yards,  24  yards,  28  yards,  32  yards,  36  yards.  Shew  that 
the  average  velocities  for  the  middle  second,  the  three  middle 
seconds,  and  the  five  seconds  are  all  equal. 

11.  A  body  starts  with  a  velocity  of  40  feet  per  second,  and 
during  every  second  its  velocity  is  increased  by  9  feet  per  second. 
Find  the  velocity  at  the  end  of  8  seconds. 

12.  A  ball  is  moving  along  a  smooth,  horizontal  surface  with  a 
velocity  of  10  feet  per  second.      After  moving  for  one  second  it 
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is  struck,  and  an  additional  velocity  of  15  feet  per  second  is  given 
it ;  at  the  end  of  the  second  second  it  is  again  struck,  and  an 
additional  velocity  of  25  feet  per  second  is  given  it ;  at  the  end 
of  the  next  second  20  feet  per  second  is  added  to  the  velocity  j 
and  after  this  the  ball  moves  freely.  Find  the  space  traversed 
in  1 0  seconds  from  the  beginning. 

13.  The  velocity  of  a  point  increases  uniformly.  At  a  certain 
instant  it  is  11  feet  per  second  ;  2  minutes  later  it  is  30  miles  per 
hour.     When  was  it  at  rest  1 

14.  Define  component  velocity. 

A  man  is  walking  in  a  N.-E.  direction  with  a  velocity  of 
4  miles  per  hour  ;  find  the  component  velocities  due  N.  and  due 
E.,  respectively. 

15.  A  body  is  moving  in  a  straight  line  with  a  velocity  of  10 
feet  per  second.  Find  the  component  of  its  velocity  in  a  direction 
30°  from  line  of  motion. 

16.  A  body  moves  in  a  straight  line  with  a  velocity  v  feet  per 
second.  Resolve  its  velocity  along  two  lines  at  right  angles,  one 
of  which  makes  an  angle  0  with  the  direction  of  motion. 

17.  A  ship  sailing  due  N.  at  the  rate  of  7  knots  per  hour  is 
carried  to  the  E.  by  a  current  of  4  knots  per  hour.  Find  the  real 
velocity  over  the  ground,  and  the  direction  of  motion. 

18.  A  particle  is  moving  along  the  diagonal  of  a  cube  with  a 
velocity  of  27  yards  per  second.  Find  the  component  velocities 
along  the  three  adjacent  edges. 

19.  Find  the  resultants  of  the  following  pairs  of  velocities  : 

(a)  12  feet  a  second,  and  16  feet  a  second,  mutually  at 

right  angles ; 
(6)  a  feet  a  second,  and  m  miles  an  hour,  at  right  angles. 

20.  A  football  is  kicked  with  a  velocity  of  20  feet  per  second, 
and  another  kick  turns  it  through  a  right  angle,  but  leaves  the 
speed  unchanged.     What  velocity  was  given  by  the  second  kick  1 
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21.  Find  the  resultants  of  the  following  pairs  of  velocities  : 

(a)  10  feet  a  second,  and  20  feet  a  second,  at  an  angle 

of  60°. 
(6)  3  feet  a  second,  and  3^/2   feet  a  second  at  an  angle 

of  45°; 
(c)  3  feet  a  second,   and  3  feet   a  second  at  an  angle 

of  150°  ; 

22.  A  train  is  moving  with  the  velocity  of  20  miles  per  hour, 
and  the  conductor  throws  out  a  parcel  with  a  horizontal  velocity 
of  16.9  feet  per  second,  in  a  direction  at  right  augles  to  the  line 
of  motion  of  the  train.     Find  the  resultant  velocity  of  the  parcel. 

23.  A  spherical  shot  is  rolling  directly  across  the  horizontal 
deck  of  a  ship,  with  a  velocity  of  10  feet  per  second  ;  find  where 
it  would  strike  the  side,  supposing  the  ship,  which  is  going  at  10 
miles  per  hour,  to  be  suddenly  stopped  when  the  shot  is  20  feet 
from  the  side.     (Neglect  friction). 

24.  Three  velocities  are  given  simultaneously  to  a  particle, 
one  60  feet  per  second  N.,  another  88  feet  per  second  S.  60°  W., 
and  the  third  60  feet  per  second  S.  60°  E.  Find  the  magnitude 
and  direction  of  the  resultant  velocity. 

25.  A  boat  is  rowed  with  a  velocity  of  6  miles  per  hour 
straight  across  a  river  which  flows  at  the  rate  of  2  miles  per 
hour.  If  its  breadth  be  300  feet,  find  how  far  down  the  river 
the  boat  will  reach  the  opposite  bank,  below  the  point  to  which 
it  was  originally  directed. 

26.  A  river  one  mile  broa  i  is  running  at  the  rate  of  4  miles 
per  hour,  and  a  steamer,  moving  at  the  rate  of  8  miles  per  hour, 
wishes  to  go  straight  across.  How  long  will  the  steamer  take  to 
perform  the  journey,  and  in  what  direction  must  it  be  steered  ? 

27.  A  balloon,  rising  vertically  with  a  velocity  of  10  miles 
per  hour,  is  carried  by  the  wind  over  a  horizontal  distance  of  100 
yards  in  20  seconds.     Find  the  velocity  of  the  balloon. 
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ACCELERATION. 

1.  Define  acceleration  at  a  point.  Explain  the  necessity  of 
the  phrase  at  a  point. 

2.  A  particle  moves  in  a  straight  line  with  constant  accelera- 
tion. At  the  beginning  it  has  a  velocity  of  20  feet  per  second, 
and  at  the  end  of  10  seconds  its  velocity  is  180  feet  per  second. 
Find  the  acceleration. 

3.  A  point,  moving  with  uniformly  decreasing  velocity,  is 
displaced  294  feet  in  a  certain  interval  of  7  seconds  ;  at  the 
beginning  of  the  7  seconds  its  velocity  was  49  feet  per  second. 
Find  the  acceleration,  and  the  velocity  after  3  seconds  more. 

4.  A  particle  moves  with  uniformly  increasing  velocity  ;  at 
12  o'clock  the  velocity  is  100  feet  per  second,  and  in  1  second 
more  it  is  104  feet  per  second.     Find 

(a)  how  far  it  goes  in  1  second  from  1 2  o'clock  ; 

(6)  how  far  it  goes  in  2  seconds  ; 

(c)  how  far  it  goes  between  12.01  and  12.02  o'clock. 

5.  At  2  o'clock  a  point  has  a  velocity  of  7  feet  per  second  ; 
at  2.45  its  velocity  is  142  feet  per  second.  What  will  it  be  at 
3.30,  acceleration  being  constant  ?     What  is  the  acceleration  1 

6.  A  point,  moving  with  uniform  retardation,  has,  at  a  cer- 
tain instant,  a  velocity  of  30  feet  per  second  ;  after  5  seconds  it 
has  a  velocity  of  20  feet  per  second.  When  will  it  come  to  rest  ? 
When  will  it  again  be  moving  at  30  feet  per  second  1 

7.  A  point,  moving  at  a  certain  instant  at  the  rate  of  11 
feet  per  second,  has  its  velocity  increased  by  7  feet  a  second  per 
second  ;  when  will  it  be  moving  at  the  rate  of  60  miles  per 
hour  1 

8.  At  noon  a  point  is  moving  with  a  velocity  of  20  feet  per 
second  ;  at  4  p.m.  its  velocity  is  100  feet  per  second.  What  velo- 
city has  it  at  2.15  p.m.,  acceleration  being  constant  ? 
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9.  A  body  has  an  initial  velocity  of  40  feet  per  second,  and 
in  5  seconds  it  traverses  300  feet.  Find  the  acceleration,  sup- 
posed uniform. 

10.  With  1  second  and  1  foot  as  units  of  time  and  space 
respectively,  the  acceleration  is  32.  What  is  its  measure  when 
a  minute  is  substituted  for  a  second  ? 

11.  Which  is  the  greater,  an  acceleration  of  2,400  yards  a 
minute  per  minute,  or  2  feet  a  second  per  second  % 

12.  A  body  starts  from  rest,  and  at  the  end  of  a  second  it  is 
moving  with  a  velocity  of  32  feet  per  second.  If  the  increase 
is  uniform,  what  is  the  space  traversed  % 

13.  Represent  geometrically  the  space  passed  over  by  a  body 
moving  with  constant  acceleration :  (a)  starting  from  rest ;  (6) 
starting  with  a  velocity  u. 

14.  A  point,  in  a  certain  interval  of  3  seconds,  passes  over  300 
feet }  in  the  next  4  seconds  its  displacement  is  764  feet.  Shew 
that  the  acceleration  is  26  feet  a  second  per  second. 

15.  In  a  certain  interval  of  5  seconds  a  point  goes  250  feet, 
and  in  the  next  8  seconds  it  goes  608  feet  further.  Find  its 
acceleration. 

16.  A  point  starts  from  rest  under  constant  acceleration,  and 
after  10  seconds  it  is  moving  at  the  rate  of  25  feet  per  second. 
How  far  does  it  go  in  the  20th  second  of  its  motion  1 

17.  Prove  that  the  spaces  traversed  in  the  1st,  2nd,  3rd,  etc., 
seconds  by  a  body  moving  freely  under  gravity,  are  proportional 
to  1,  3,  5,  etc.,  respectively. 

18.  A  sphere  of  glass  rolls  down  a  smooth  plane  inclined  at 
30°  to  the  horizontal.  Its  velocities  at  two  points  are  70  cm. 
per  second,  and  140  cms.  per  second  respectively.  Find  the 
distance  between  the  two  points  (<?=980). 

I  19.  A  body  is  projected  horizontally  from  the  top  of  a  tower 
with  a  velocity  of  100  feet  per  second.  How  far  will  it  be  from 
the  point  of  projection  at  the  end  of  2  seconds  ? 
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20.  A  bullet  is  projected  at  an  angle  of  60°  with  the  horizon- 
tal, and  with  a  velocity  of  600  feet  per  second.  Find  its  position 
in  5  seconds,  and  its  distance  from  the  point  of  projection. 

21.  A  rifle  is  pointed  horizontally,  with  its  barrel  5  feet  above 
a  lake.  When  discharged  it  is  found  that  the  ball  strikes  the 
water  400  feet  off.  Find  approximately  the  muzzle  velocity  of 
the  ball. 

22.  Two  bodies  fall  from  heights  of  49  feet  and  81  feet, 
and  reach  the  ground  simultaneously.  What  was  the  interval 
betweeD  the  instants  of  starting  ? 

23.  A  point  starts  from  rest,  and  has  an  acceleration  of  40 
feet  a  second  per  second.  Find  the  distance  it  passes  over  iD  the 
fourth  half-second  of  its  motion. 

24.  A  heavy  body  is  projected  in  a  horizontal  direction  from 
the  top  of  a  tower.  Prove  that  the  vertical  distance  dropped 
through  varies  as  the  square  of  the  horizontal  space  traversed. 
Hence  deduce  the  curve  traced  by  the  body. 

25.  Prove  that  the  time  of  falling  from  the  highest  point  of  a 
vertical  circle  down  any  chord  is  the  same. 

26.  Find  (by  No.  25)  the  straight  line  of  quickest  descent  from 
a  point  P  to  a  given  straight  line  in  the  same  vertical  plane. 

27-  A  stone,  falling  from  rest  for  5  seconds,  passes  through  a 
pane  of  glass,  thereby  losing  \  of  its  velocity,  and  reaches  the 
ground  3  seconds  afterwards.     Find  the  height  of  the  glass. 

28.  Two  particles  slide  down  two  straight  lines  in  a  vertical 
plane,  starting  simultaneously  from  their  point  of  intersection. 
Prove  that  the  line  joining  them  at  any  time  is  equal  to  the  space 
through  which  a  particle  would  have  moved  in  the  same  time, 
along  a  line  whose  inclination  to  the  horizon  is  the  angle  between 
the  given  lines. 
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PROJECTILES. 

1.  A  heavy  particle  is  projected  in  a  horizontal  direction 
from  any  height.     Prove  that  the  path  is  a  parabola. 

2.  The  projection  is  in  any  direction  other  than  the  vertical. 
Shew  that  the  trajectory  is  a  parabola. 

3.  Find  the  directrix,  and  shew  that  the  velocity  at  any 
point  is  equal  to  that  which  would  be  acquired  by  a  particle 
falling  freely  from  the  directrix  to  that  point. 

4.  Find  the  focus,  the  vertex,  and  the  velocity  at  the  vertex. 

5.  A  particle  is  projected  with  a  velocity  60  feet  per  second 
in  a  direction  making  60°  with  the  horizon.  Determine  the 
position  of  the  directrix,  and  the  length  of  the  latus  rectum  of  its 
path. 

6.  A  particle  is  projected  with  a  velocity  of  2,000  feet  per 
second,  at  an  inclination  of  30°  to  the  horizon.  Find  the 
magnitude  and  direction  of  the  velocity  at  the  end  of  10  seconds. 

7.  A  bullet  is  projected  with  a  velocity  of  1,000  feet  per 
second,  at  an  elevation  of  15°.  Find  the  range  on  the  horizontal 
plane,  neglecting  the  resistance  of  the  air. 

8.  What  is  the  greatest  height  to  which  a  particle  will  rise 
if  projected  at  an  elevation  of  30°,  with  a  velocity  equal  to  that 
which  it  would  gain  by  falling  freely  through  a  vertical  height 
of  100  feet  ? 

9.  Find  the  range  in  vacuo  of  a  rifle-bullet  projected  with  a 
velocity  of  1,200  feet  per  second,  the  direction  of  projection 
making  with  the  horizon  an  angle  whose  sine  is  y^. 

10.  Find  the  direction  in  which  a  stone  must  be  thrown  with 
a  velocity  of  80  feet  per  second,  in  order  to  strike  a  small  bird  on 
the  top  of  a  vertical  pole,  20  feet  higher  than  the  point  of  pro- 
jection, and  30  feet  in  front  of  it. 


SAMPLES  IN  MECHANICS.  35 

11.  If  particles  be  projected  from  the  same  point,  with  the 
same  velocity,  the  foci  of  the  parabolas  described  lie  on  the  sur- 
face of  a  sphere. 

12.  Two  particles  are  projected  simultaneously  from  the  same 
point  with  velocities  u  and  v,  respectively  ;  the  angles  of  projec- 
tion being  a  and  /?.  Find  their  distance  apart  at  the  end  of  a 
given  time. 

13.  If  u  and  v  are  the  velocities  at  the  ends  of  a  focal  chord 
of  a  projectile's  path,  aud  Fthe  horizontal  velocity,  shew  that 

J_        J_  l_ 

u2    +  IF  =  72  ' 

14.  From  the  top  of  a  cliff,  80  feet  high,  a  stone  is  thrown  so 
that  it  starts  with  a  velocity  of  1 28  feet  per  second  at  an  angle 
of  30°  above  the  horizontal.  Find  where  it  hits  the  ground  at  the 
bottom  of  the  cliff. 

15.  A  shot  leaves  a  gun  at  the  rate  of  500  feet  per  second. 
Calculate  the  greatest  distance  to  which  it  could  be  projected,  and 
also  the  height  to  which  it  would  rise. 
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MASS,  DENSITY  AND  SPECIFIC  GRAVITY. 

1.  Define  mass  and  density. 

Calculate  the  density  of  water,  the  units  being  1  foot  and 
1    lb.,  having  given  the  fact  that   1   c.  in.    of    water    contains 

m  °z- 

2.  If  unit  mass  be  1  gm.  and  unit  length  be  1  cm.,  what  is 
the  unit  volume*?  and  what  will  be  the  measure  of  the  density 
of  water  1 

3.  The  s.  g.  of  mercury  is  13  6.  Find  the  number  express- 
ing its  density  in  the  English  (foot-lb. -second)  system,  and 
also  in  the  French  (centimetre-gram-second)  system. 

4.  The  s.  g.  of  platinum  is  21-5,  when  water  is  the  standard 
substance.  What  will  be  the  s.  g.  when  mercury  is  taken  as 
standard  ?     Will  the  measure  of  its  density  be  changed  1 

5.  A  cylindrical  bar  of  silver  is  *7  in.  in  diameter.  Find 
the  mass  per  unit  of  volume  (density),  and  also  the  mass  per  unit 
of  length  (the  line  density.)     The  s.  g.  of  silver  is  10'5. 

6.  A  cubic  foot  of  granite  (s.g.  2*5)  is  moving  with  a  velocity 
of  50  feet  a  second.  What  is  the  momentum  ?  What  is  the 
unit  of  momentum  used  ? 

7.  A  cannon  ball,  weighing  18  lbs.  is  projected  vertically 
upwards  with  a  velocity  of  250  feet  per  second.  Find  its 
momentum  at  the  end  of  2|  seconds. 

8.  If  it  were  projected  at  an  angle  of  60°  with  the  horizontal, 
after  3  seconds,  what  would  be  its  vertical  and  its  horizontal 
components  of  momentum  ?     Deduce  the  entire  momentum. 

0.  Compare  the  momentum  of  a  15-lb.  cannon  ball,  mov- 
ing at  the  rate  of  300  feet  per  second,  with  that  of  a  3-ounce 
bullet  moving  with  a  velocity  of  700  yards  per  second. 

10.  Find  the  ratio  between  the  momentum  of  an  81 -lb. 
ball  moving  at  the  rate  of  100  feet  per  second,  and  that  possessed 
by  a  cubic  foot  of  ice,  s.g.  '9,  which  has  fallen  freely  for  4 \  seconds. 
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FORCE. 

1.  Give  Newton's  First  Law  of  Motion. 

2.  A  mass  of  4  lbs.  is  moving  rectilineal ly  with  a  velocity  of 
8  feet  per  second  ;  a  constant  force  acts  upon  it  for  3  seconds, 
and  it  is  then  moving  with  a  velocity  of  20  feet  per  second. 
What  is  the  whole  change  of  momentum  ?  What  is  the  change 
per  second  ? 

3.  What  is  the  acceleration  in  Ex.  2  ?  Shew  that  the  change 
of  momentum  per  second  (or  force)  =  mass  x  acceleration. 

4.  Enunciate  Newton's  Second  Law,  and  shew  that  it  gives 
a  measure  of  force. 

5.  A  body  of  mass  9  lbs.  is  moving  in  a  straight  line  with  a 
velocity  of  5  feet  per  second.  A  constant  force  acts  upon  the 
body,  and  in  1  second  reduces  the  velocity  to  3  feet  per  second. 
Find  the  rate  of  change  of  momentum. 

6.  If  the  mass  had  been  3  lbs.,  and  acted  on  by  same  force  as 
in  Ex.  5,  what  would  have  been  the  velocity  1 

7-  If  the  force  in  Ex.  5  acted  for  10  seconds  on  a  mass  of  5 
lbs.  at  rest,  what  would  be  the  velocity  generated  ? 

8.  Two  cubical  bodies,  each  of  1  lb.  mass,  rest  on  a  smooth 
horizontal  table.  After  2  seconds  the  first  is  moving  with  a 
velocity  of  3  feet  per  second,  and  the  second  with  a  velocity  of 
8  feet  per  second.  Find  and  compare  the  change  in  momentum 
of  each  body  per  second.  In  5  seconds  more,  what  will  be  the 
velocities  under  the  same  forces  1 

9.  A  body  of  mass  5  lbs.  is  moving  from  W.  to  E.  with  a 
velocity  of  12  feet  per  second.  A  constant  force  acts  on  it  for  8 
seconds,  and  it  then  is  moving  in  a  N.  E.  direction  with  a  velo- 
city of  1 2  <s/~2  feet  per  second.  Draw  a  figure  and  find  the  change 
of  momentum,  and  also  the  rate  of  change  of  momentum. 
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10  Three  separate  experiments  are  made.  A  ball  is  let  fall 
freely  for  1  second,  thus  obtaining  a  velocity  of  32  feet  per  second. 
Then  it  is  taken  and  placed  on  a  smooth  horizontal  table,  and  a 
stretched  elastic  string  is  attached  ;  in  J  second  it  has  obtained  a 
velocity  of  32  feet  per  second.  Again  it  is  taken  and  struck  with 
a  club,  which  gives  in  j-^-0th  of  a  second  a  velocity  of  32  feet  per 
second.     Find 

(a)  the  whole  change  of  momentum  in  each  case  ; 

(b)  the  rate  of  change  per  second,  and  thus  compare  the 
second  and  third  forces  with  gravity. 


UNITS  OF  FORCE. 

1.  Assuming  1  lb.  (avoir.),  1  foot  and  1  second,  as  our 
fundamental  units  of  mass,  length  and  time,  respectively,  deduce 
the  units  of  velocity,  acceleration,  momentum  ;  and  also  of  force. 

2.  What  velocity  will  the  force  of  gravity  (or  weight)  give 
to  a  lb.  mass  in  1  second1?  What  velocity  will  a  poundal 
give  in  1  second  ?     Compare  the  two  forces. 

3.  If  we  take  as  fundamental  units  32  lbs.  mass,  1  foot 
and  1  second,  what  is  unit  of  force  1 

4.  What  are  the  three  arbitrary  units  assumed  in  the  French 
(C.G.S.)  system  ?     What  is  the  unit  force  1 

5.  Show  that  1  kilo-force  =  981,000  dynes. 

6.  If  1  kilo-force  =  2i  pds..  express  1  ounce  force  in  dynes 
(9  =  981). 

7.  A  force  of  2  poundals  acts  on  a  mass  of  2  lbs.  for  5 
seconds.     Find  the  velocity  generated. 

8.  Compare  10  poundals  with  1  pd.-force,  and  find  the  velocity 
generated  if  a  force  of  3  pds.  acts  on  5  lbs.  mass  for  8  seconds, 
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9.  A  body  of  mass  6  lbs.  is  acted  on  by  a  force  of  30 
poundals  ;  find  its  velocity  and  momentum  at  the  end  of  half  a 
minute  from  rest. 

10.  A  force  equal  to  1  pd.  acts  upon  a  ton  mass  ;  what 
acceleration  is  produced,  and  what  will  be  the  velocity  at  the 
end  of  10  minutes  from  rest. 

11.  A  force  of  10  dynes  acts  on  10  grams  mass  at  rest  for  10 
seconds  ;  find  the  velocity  generated. 

12.  A  force  F  acts  on  150  grams  for  10  seconds,  and  produces 
in  it  a  velocity  of  50  m.  per  second  ;  compare  F  with  the  weight, 
of  a  gram. 

13.  If  a  body  of  10  kilos,  mass  be  acted  upon  for  one  minute 
by  a  force  which  can  just  support  125  grams,  what  momentum 
will  it  acquire  1 

14.  Compare  the  amounts  of  momentum  in  (1)  a  56-lb. 
weight  which  has  fallen  for  2  seconds  from  rest,  and  (2)  a  cannon 
ball  of  12  lbs.  moving  with  a  velocity  of  900  feet  per  second. 

15.  A  body  of  mass  16  grams  is  acted  upon  by  a  force  of  3 
dynes  for  5  seconds.  Find  the  velocity  and  momentum  acquired, 
and  the  space  passed  through  from  rest. 

16.  A  7-lb.  weight,  hanging  over  the  edge  of  a  smooth 
table,  drags  a  mass  of  49  lbs.  along  it ;  find  the  acceleration 
and  the  distance  moved  through  in  5  seconds  from  rest. 

17.  A  body  rests  on  a  smooth  horizontal  plane  and  a  force  of 
30  dynes,  acting  along  the  plane,  in  12  seconds  imparts  to  it  a  velo- 
city of   120  cms.  per  second  ;  what  is  the  mass  of  the  body  1 

18.  A  mass  of  15  lbs.,  lying  on  a  smooth,  flat  table  is 
acted  upon  by  a  force  along  the  table  of  60  poundals.  How  far 
will  it  move  in  6  seconds  ? 

19.  If  the  force  in  Ex.  18  were  5  pds.,  what  would  be  the 
distance  ? 
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20.  A  force  which  can  statically  support  50  pels,  acts 
uniformly  for  one  minute  on  a  mass  of  200  lbs.  Find  the 
velocity  and  momentum  acquired  by  the  body. 

21.  A  bucket  weighing  25  lbs.  is  attached  to  each  end 
of  a  rope  over  a  pulley,  and  in  one  bucket  is  poured  a  gallon,  (10 
lbs.)  of  water.  Find  the  space  passed  through  in  5  seconds, 
neglecting  the  mass  of  the  pulley. 

22.  A  particle  is  on  a  smooth  plane  inclined  to  the  vertical 
at  60°.     Find  the  space  passed  through  in  2  seconds  from  rest. 

23.  A  mass  of  8  lbs.  is  on  a  smooth  plane  inclined  to  the 
horizontal  at  an  angle  of  60°,  and  a  force  of  6  y/H  pds. 
pushes  it  up  the  plane.  Find  the  velocity  generated  in  3  seconds, 
and  the  space  passed  through  from  rest. 

24.  Two  forces  are  applied,  one  to  one  mass  and  the  other 
to  another  mass  three  times  as  great,  and  produce  velocities 
30  and  20  respectively.     Compare  the  forces. 

25.  A  body  of  mass  3  is  moving  with  velocity  2.  What 
impulse,  acting  perpendicularly  to  the  original  direction  of 
motion,  will  be  necessary  to  turn  the  direction  of  motion 
through  an  angle  of  60°  % 

26.  From  a  balloon  at  a  given  height,  and  rising  vertically 
with  a  given  velocity,  a  stone  is  let  fall.  Find  the  velocity  with 
which  the  stone  will  strike  the  earth,  neglecting  the  resistance 
of  the  air. 

27.  A  force  A  acts  on  a  mass  30  for  5  seconds,  and  generates 
a  velocity  9 ;  B  acts  on  a  mass  40  for  2  seconds,  and  generates 
a  velocity  10.  Determine  the  ratio  between  the  impulses  of  the 
forces,  and  compare  the  magnitudes  of  the  two  forces. 

28.  If  a  force  act  on  a  body  for  3  seconds  from  rest  and 
generate  a  velocity  60,  determine  the  acceleration.  What  accel- 
eration could  this  force  produce  in  another  body  of  double  the 
mass"? 
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29.  If  two  bodies  propelled  from  rest  by  equal  uniform 
pressures  describe  the  same  space,  the  one  in  half  the  time  that 
the  other  does,  compare  their  final  velocities  and  momenta. 

30.  A  force  F  generates  in  a  body  in  one  minute  from  rest  a 
velocity  of  1,300  miles  per  hour;  which  is  the  greater  force,  F 
or  gravity  1 

31.  In  the  equation  W  =  mg,  explain  the  meaning  of  each 
symbol.     What  is  the  unit  by  which  W  is  measured  1 

32.  A  shot  of  mass  m  is  fired  from  a  gun,  which  is  free  to 
move  and  whose  mass  is  M,  with  a  velocity  u,  relative  to  the 

gun  :  shew  that  the  actual  velocity  of  the  shot  is  ■ —  ,    and 

J  m  +  M  ' 

that  of  the  gun  is —  - 

m  +  M 


FORCES  ACTING  SIMULTANEOUSLY. 

1.  Shew  that  the  principle  of  "the  physical  independence  of 
forces  "  follows  from  Newton's  Second  Law  of  Motion. 

2.  Explain  the  Parallelogram  of  Forces. 

3.  Three  constant  forces,  each  equal  to  8  poundals,  act  on  a 
particle,  the  second  at  an  angle  of  1 20°  with  the  first,  and  the 
third  at  an  angle  of  120°  with  the  second,  and  towards  the  same 
parts  as  the  first  and  second.  Draw  a  diagram,  and  find  the 
magnitude  of  the  resultant. 

4.  Explain  the  Triangle  and  Polygon  of  Forces  ;  and  describe 
an  experimental  proof. 

5.  If  the  third  force  in  Ex.  3  were  towards  opposite  parts, 
apply  Ex.  4  to  shew  that  there  would  be  equilibrium. 


42  EXAMPLES  IN  MECHANICS, 

6.  Two  forces  act  on  a  particle,  and  their  greatest  and  least 
resultants  are  72  pds.  and  56  pds.     Find  the  forces. 

7.  Find  the  resultant  of  two  forces,  12  pds.,  35  pds., 
acting  at  right  angles  on  a  particle. 

8.  Two  forces,  whose  magnitudes  are  as  3  is  to  4,  acting  on  a 
particle  at  right  angles  to  each  other,  produce  a  resultant  of  15 
pds.     Find  the  forces. 

9.  Two  forces  of  8  pds.  and  10  pds.,  respectively,  act 
upon  a  particle  at  an  angle  of  60 c.     Find  the  resultant. 

10.  Forces  of  10  pds.  and  12  ^/3  pds.,  respectively,  act 
at  a  point  at  an  angle  of  150°.     Find  their  resultant. 

11.  Two  forces,  5  pds.  and  15  pds.,  are  kept  in  equili- 
brium by  a  force  of  18  pds.  Find  the  angle  between  the 
forces. 

12.  The  resultant  of  two  forces,  acting  at  an  angle  of  60°,  is 
21  pds.  ;  one  of  the  components  is  9  pds.     Find  the  other. 

13.  Shew  that  if  the  angle  at  which  two  forces  are  inclined 
is  increased,  their  resultant  is  diminished. 

14.  How  can  forces  of  43  pds.  and  65  pds.  be  applied  to 
a  particle  so  that  the  resultant  is  22  pds.  1 

15.  Two  strings,  whose  lengths  are  6  inches  and  8  inches,  res- 
pectively, have  their  ends  fastened  at  two  points  distant  10  inches 
from  each  other  ;  their  other  ends  are  tied  together,  and  they  are 
strained  tight  by  a  force  at  the  knot  equivalent  to  5  pds.  acting 
perpendicularly  to  the  straight  line  joining  the  points.  Find  the 
tension  of  each  string. 

16.  Two  forces  are  represented  in  magnitude  and  direction 
by  two  chords  of  a  circle,  drawn  from  a  point  on  the  circumfer- 
ence at  right  angles  to  each  other.  Shew  that  the  resultant  is 
represented  in  magnitude  and  direction  by  the  diameter  which 
passes  through  the  point. 
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17.  A  and  B  are  fixed  points  ;  at  a  point  M  forces  of  given 
magnitude  act  along  MA  and  MB  ;  if  their  resultant  is  of  con- 
stant magnitude,  shew  that  M  lies  on  one  or  other  of  two  equal 
arcs  described  on  AB  as  chord. 

18.  State  the  conditions  for  equilibrium  when  co-planar  forces 
act  on  a  particle. 

Express  these  conditions  analytically. 

19.  ABCD  is  a  square;  three  forces,  1  pd.,  2  pds.,  3 
pds.,  respectively,  act  on  a  particle  :  their  directions  are  parallel 
to  AD,  AB,  CB.     Find  their  resultant. 

20.  Three  forces,  represented  by  the  numbers  1,  2,  3,  act  on 
a  particle  in  directions  parallel  to  the  sides  of  an  equilateral 
triangle  taken  in  order.     Determine  their  resultant. 

21.  Can  a  particle  be  kept  at  rest  by  three  forces  whose 
magnitudes  are  as  the  numbers  3,  4,  7  ? 

22.  The  circumference  of  a  circle  is  divided  into  any  number 
of  equal  parts  ;  forces  are  represented  in  magnitude  and  direction 
by  straight  lines  drawn  from  the  centre  of  the  circle  to  the 
points  of  division.     Shew  that  these  forces  are  in  equilibrium. 

23.  The  circumference  of  a  circle  is  divided  into  a  given  odd 
number  of  equal  parts,  and  from  one  of  the  points  of  division 
straight  lines  are  drawn  to  the  rest.  Find  the  magnitude  and 
direction  of  the  resultant. 

24.  A  body  of  8  lbs.  mass  is  on  a  smooth  plane  inclined  to  the 
horizontal  at  an  angle  of  30°.  Find  what  force,  applied  at  an 
angle  of  45°  to  the  plane,  will  keep  the  body  in  equilibrium. 

25.  Forces:  of  3  poundals  and  4  poundals,  at  right  angles  to 
each  other,  act  upon  a  mass  of  5  lbs.  Find  the  acceleration 
produced.  How  long  will  the  mass  take  to  move  18  feet  from 
rest  ? 

26.  Two  horses  pull  at  a  block  of  stone  ;  one  with  a  hori- 
zontal   force   of  100  pds,  the  other  with  a  horizontal  force  of 
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130   pels.,  the    forces   being   inclined  at  an   angle  cos    —  l  -J- J. 
What  is  the  force  which  can  keep  the  stone  at  rest  ? 

27.  Forces  of  40  pds.,  41  pds.  and  9  pds.,  acting  at  a  point, 
are  in  equilibrium.     Shew  that  two  of  them  are  at  right  angles. 


GRAVITATION. 

1.  State  Newton's  Law  of  Gravitation. 

2.  Three  equal  masses  are  placed  at  three  successive  points 
of  a  regular  hexagon  of  6-inch  side.  How  far  from  the  centre 
of  the  polygon  must  be  placed  a  body  whose  mass  is  eight  times 
each  of  these  masses,  in  order  to  counteract  their  attractions  on  a 
particle  at  the  centre  1 

3.  Apply  the  Integral  Calculus  to  prove  that  the  resultant 
attraction  of  a  spherical  shell  of  uniform  density  on  a  particle  is 
the  same  as  if  the  shell  were  condensed  to  a  point  at  the  centre. 

4.  From  the  law  for  a  shell  of  uniform  density,  deduce  the 
law  for  a  sphere. 

5.  A  sphere  of  1  foot  radius  is  placed  with  its  centre  5  feet 
from  a  particle,  and  f iom  the  centre  of  this  sphere  another  of  half 
its  radius  is  cut.  Find  the  radius  of  a  third  sphere  which,  when 
placed  5  feet  from  the  particle,  will  attract  it  as  strongly  as  the 
part  that  is  left. 

6.  Explain  why  a  body  weighs  (apparently)  more  at  the  pole 
than  at  the  equator. 

7.  Shew  that  if  the  day  were  about  1  hour  25  minutes  long, 
bodies  at  the  equator  would  appear  to  be  without  weight. 

8.  Explain  how  to  find  the  value  of  y. 

9.  At  the  equator  the  value  of  g  is  32-09,  and  in  London 
32*2.     Jf  a  merchant  were  to  buy  tea  at  the  equator  at  a  shilling 
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per  lb.,  and  sell  it  in  London,  at  what  rate  per  lb.  (apparent) 
must  he  sell  so  that  he  may  neither  gain  nor  lose,  supposing 
that  he  uses  the  same  spring  balance  for  both  transactions  1 

10.  Would  this  difficulty  arise  with  the  common  beam 
balance  1 

11.  Suppose  the  earth  shrank  until  its  diameter  was  only 
6,000  miles,  what  would  be  the  effect  on  the  weight  of  an  inhab- 
itant 1     The  diameter  is  approximately  8,000  miles. 

12.  If  we  suppose  the  mass  of  the  sun  to  be  300,000  times 
that  of  the  earth,  and  its  radius  to  be  100  times  that  of  the  earth, 
find  the  attraction  at  the  surface  of  the  sun  on  a  mass  which  at 
the  surface  of  the  earth  is  attracted  with  the  force  of  a  pd. 

13.  How  far  would  a  body  fall  from  rest  towards  the  earth 
in  one  second,  if  started  from  a  point  distant  from  the  earth  the 
radius  of  the  earth  % 

14.  A  small  hole  runs  to  the  centre  of  the  earth,  and  half- 
way to  the  centre  a  particle  is  placed ;  how  far  will  it  fall  in  the 
first  second  considering  the  attraction  constant  for  small  dis- 
tances 1 

15.  The  moon's  mass  is  136  x  1021  lbs.  ;  her  radius, 
5-7  X  106feet;  the  mass  of  the  earth  is  11,920  x  1021  lbs., 
and  its  radius  21  x  106  feet.  Find  how  far  a  stone  at  the  moon's 
surface  would  fall  in  a  second,  the  disturbance  due  to  the  attrac- 
tion of  the  earth  being  neglected. 
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WORK  AND  ENERGY. 

1.  Explain  the  four  common  units  of  work. 

2.  Shew  that  the  work  done  in  pushing  a  heavy  body  along 
a  smooth  inclined  plane  is  equal  to  the  work  done  in  raising  the 
same  body  through  the  corresponding  vertical  height. 

3.  A  force  of  4  pds.  acts  through  2  feet ;  then  it  is 
suddenly  changed  into  a  force  of  5  pds.  and  acts  through  2 
feet ;  and  then  it  is  changed  into  a  force  of  7  pds.  and  acts 
through  3  feet.     .Find  the  whole  work,  and  represent  graphically. 

4.  Define  the  terms  Horse-power  and  Watt. 

5.  A  force  of  18  pds.  acts  against  a  resistance,  and  in 
passing  through  20  feet  falls  uniformly  to  zero.  Find  the  work 
done  by  the  force. 

6.  Find  how  many  cubic  feet  of  wTater  an  engine  of  40  horse- 
power will  raise  in  an  hour  from  a  mine  80  fathoms  deep,  sup- 
posing 1  cubic  foot  of  water  to  weigh  1,000  ounces. 

7.  A  cubical  stone  of  6-foot  edge  weighs  160  lbs.  to  the 
cubic  foot.     Find  the  work  done  in  turning  it  to  an  adjacent  face. 

8.  Find  the  accumulated  work  (or  kinetic  energy)  in  a  body 
which  weighs  300  lbs.  and  has  a  velocity  of  64  feet  per  second. 

9.  Calculate  the  kinetic  energy  possessed  by  a  20-lb. 
cannon  ball  moving  with  a  velocity  of  512  feet  per  second. 

10.  Calculate  the  horse-power  of  a  steam  engine  which  will 
raise  30  cubic  feet  of  water  per  minute  from  a  mine  440  feet  deep. 

11.  Shew  that  when  weights  are  raised  vertically  through 
various  heights  the  whole  work  is  the  same  as  that  of  raising  a 
weight  equal  to  the  sum  of  the  weights  vertically  from  the  first 
position  of  the  centre  of  gravity  of  the  system  to  the  last. 

12.  A  well  is  to  be  made  20  feet  deep,  and  4  feet  in  diameter ; 
find  the  work  in  raising  the  material,  supposing  that  a  cubic 
foot  of  it  weighs  140  lbs. 
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13.  A  shaft  a  feet  in  depth  is  full  of  water.  Find  the  depth 
of  the  surface  of  the  water  when  one  quarter  of  the  work 
required  to  empty  the  shaft  has  been  done. 

14.  If  a  pit  10  feet  deep  and  with  an  area  of  4  square  feet 
be  excavated,  and  the  earth  thrown  up,  how  much  work  will 
have  been  done,  supposing  1  cubic  foot  of  earth  to  weigh  90 
pounds  1 

15.  A  4-ounce  bullet  is  projected  vertically  upwards  with  a 
velocity  of  800  feet  per  second.  What  is  its  potential  energy 
when  it  has  ascended  to  its  maximum  height? 

16.  What  are  the  units  of  energy  in  the  French  and  English 
absolute  systems  when  the  kinetic  energy  is  defined  to  be  equal 
to  £  rnv*  ? 

17.  Compare  the  amount  of  kinetic  energy  in  (1)  a  boulder 
of  112  lbs.,  which  has  fallen  for  a  second  from  rest,  and  (2) 
a  1-lb.  projectile  moving  with  a  velocity  of  800  feet  per  second. 

18.  What  is  the  work  done  in  displacing,  through  an  angle  of 
60°,  a  spherical  bob  of  6  lbs.  suspended  by  a  cord  4  feet 
long  1 

19.  A  cricket  ball  weighing  5  ounces  is  given,  by  a  blow,  a 
velocity  of  65  feet  per  second.     Measure  the  work  done. 

20.  An  engine  is  drawing  a  train  of  120  tons  up  a  (smooth) 
inclined  plane,  1  in  60,  at  the  rate  of  24  miles  per  hour.  How 
much  work  is  being  done  per  second  1 

21.  Supposing  that  a  man  of  12  stone  in  walking  raises  his 
whole  weight  a  distance  of  1  inch  every  step,  and  that  the  length 
of  the  step  is  2^  feet ;  find  how  much  work  the  man  does  in  this 
way  in  walking  a  mile. 

22.  A  man  has  to  raise  a  cwt.  of  bricks  8  feet ;  he  throws 
them  up  so  that  they  arrive  at  a  point  8  feet  high  with  a  velocity 
of  5  feet  a  second.  Compare  the  necessary  work  with  the  super- 
fluous work  done. 

23.  Reduce  a  kilogrammetre  to  foot-pds.  and  reciprocally. 
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24.  Compare  the  amounts  of  kinetic  energy  in  a  pillow  of  20 
lbs.  which  has  fallen  through  1  foot  vertically,  and  that  of  an 
ounce  bullet  moving  at  200  feet  per  second. 

25.  A  ball  weighing  5  ounces,  and  moving  with  a  velocity  of 
1,000  feet  per  second,  strikes  a  shield,  and  after  piercing  it  moves 
on  with  a  velocity  of  400  feet  per  second.  How  much  energy 
has  been  expended  in  piercing  the  shield  1 

26.  Calculate  the  kinetic  energy  of  a  hammer  of  one  ton  let  ^ 
fall  half-a-foot. 

27.  The  bob  of  a  simple  pendulum  is  pulled  through  an  arc 
of  60°  and  let  go.  Compare  the  kinetic  energy  after  describing 
an  arc  of  30°  with  its  energy  at  its  lowest  point. 

28.  A  train  of  120  tons  runs  on  a  level  road,  and  the  resist- 
ance to  be  overcome  is  16  pds.  per  ton.  How  many  units  of 
work  must  be  expended  in  making  a  run  of  40  miles  1 

29.  A  body  is  projected  with  a  velocity  u  at  an  angle  a  with 
the  horizontal.  By  the  method  of  energy  find  the  height  to 
which  it  will  rise. 

30.  A  shot  travelling  at  the  rate  of  200  metres  per  second  is 
just  able  to  pierce  a  plank  4  cm.  thick.  What  velocity  is  required 
to  pierce  a  plank  12  cm.  thick,  assuming  the  resistance  propor- 
tional to  the  thickness  of  the  planks  % 

31.  If  a  bullet,  with  a  velocity  of  150  metres  per  second,  can 
penetrate  2  cm.  into  a  block  of  wood,  through  what  distance 
would  it  penetrate  when  moving  at  the  rate  of  450  metres  per 
second  ? 

32.  A  shot  travelling  at  the  rate  of  300  metres  per  second  can 
just  penetrate  a  plank  3  cm.  thick  ;  it  is  fired  through  a  plank  5 
cm.  thick,  with  a  velocity  of  600  metres  per  second.  Find  the 
velocity  with  which  it  emerges. 
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CENTRE  OF  MASS. 

1.  Five  masses,  1  lb.,  2  lbs.,  3  lbs,,  4  lbs.,  5  lbs.,  are  situated 
at  distances  from  the  horizontal  plane  2  feet,  4  feet,  6  feet,  8 
feet,  9  feet,  respectively.  Find  the  height  of  the  centre  of  mass 
above  the  horizontal  plane. 

2.  Find  the  centre  of  mass  of  two  masses  of  18  lbs.  and 
24  lbs.,  respectively,  situated  21  inches  apart. 

3.  Two  masses,  5  lbs.  and  7  lbs.,  move  uniformly  in  the 
same  straight  line  with  velocities  8  feet  aad  10  feet  per  second, 
respectively,  Prove  that  their  centre  of  mass  moves  uniformly, 
and  find  its  velocity. 

4.  Masses  2  lbs.  and  3  lbs.  commence  simultaneously  and 
move  uniformly  in  parallel  straight  lines  at  right  angles  to 
the  line  joining  their  first  positions;  the  smaller  mass  has  a 
velocity  of  2  feet  per  second,  and  the  larger  a  velocity  of  1  foot 
per  second.  Shew  that  the  centre  of  mass  moves  uniformly  in  a 
straight  line,  and  find  its  velocity. 

5.  Two  bodies  of  masses,  m  and  m'  lbs.,  move  uniformly  in 
a  straight  line  ;  the  former  with  a  velocity  of  v  feet  per  second. 
Find  the  velocity  with  which  the  latter  mass  must  move  that  the 
centre  of  mass  may  remain  fixed. 


N 
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COLLISION. 

1.  An  inelastic,  heavy  particle  of  mass  m  falls  from  a  height 
h  upon  a  horizontal  plane.  Find  the  velocity  with  which  it  strikes 
the  plane,  and  the  momentum  destroyed. 

2.  If  the  coefficient  of  restitution  between  the  particle  and 
the  plane  be  e,  find  the  height  to  which  the  particle  will  rise 
on  first  rebound,  and  the  whole  change  of  momentum  immedi- 
ately after  rebounding. 

3.  If  a  lb.  mass  fall  from  a  height  of  50  feet  to  the 
ground,  what  is  the  impulse  of  the  pressure  which  it  will  exert, 
supposing  it  inelastic  ? 

4.  A  ball  falls  from  a  height  of  25  feet  upon  the  floor.  Find 
the  time  occupied  until  it  strikes  the  floor  the  third  time,  and 
the  height  to  which  it  will  rise  after  that  impact  (g  =  32,  e  =  £). 

5.  If  a  plane  is  moving  with  a  velocity  of  2  feet  per  second, 
and  a  sphere  of  mass  4  lbs.  be  moving  in  the  same  direction 
with  a  velocity  of  8  feet  per  second  j  find  the  velocity  of  the 
sphere  after  impact,  and  the  whole  change  of  momentum,  sup- 
posing the  coefficient  of  restitution  is  |,  and  the  motion  of  the 
plane  is  unchanged. 

6.  If  the  elasticity  were  perfect,  what  would  be  the  velocity 
of  the  sphere  1 

7.  Shew  that  if  two  perfectly  elastic  balls  of  equal  mass, 
moving  in  the  same  straight  line,  impinge  upon  one  another,  they 
will  exchange  their  velocities. 

8.  A  sphere  of  mass  8  lbs.  strikes  a  smooth  horizontal 
surface  at  an  angle  to  the  normal  of  60°.  Determine  the  angle 
of  reflexion,  supposing  the  coefficient  of  restitution  to  be  j. 

9.  Explain  why  the  force  of  gravity  need  not  be  taken  into 
account  in  discussing  questions  of  impact. 
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10.  From  Newton's  Third  Law  deduce,  and  write  down  the 
equation  stating,  that  the  algebraical  sum  of  the  momenta  of  two 
balls  is  the  same  after  impact  ;is  before. 

11.  An  inelastic  body  impinges  on  another  of  twice  its  mass 
and  at  rest.  Shew  that  the  impinging  body  loses  two-thirds  uf  its 
velocity. 

12.  A  body  of  5  lbs.,  moving  with  a  velocity  of  14  feet 
per  second,  impinges  on  a  body  of  3  lbs.,  moving  with  a  velo- 
city of  8  feet  per  second.  Find  the  velocities  after  impact,  sup- 
posing e  =  £. 

13.  A  ball  weighing  8  lbs.,  and  moving  with  a  velocity  of 
12  feet  per  second,  strikes  directly  a  ball  of  12  lbs.,  moving 
with  a  velocity  of  8  feet  per  second  in  the  opposite  direction, 
the  coefficient  of  restitution  being  £.  Find  the  velocity  of  each 
after  impact,  and  the  impulse  of  the  pressure. 

14.  A  ball  falls  from  rest  at  a  height  of  20  feet  above  a  fixed 
horizontal  table.  Find  the  height  to  which  it  will  rebound,  e  being 
j  and  g  32. 

15.  Two  bodies  are  moving  in  the  same  direction  with  velo- 
cities 7  and  5,  and  after  impact  their  velocities  are  5  and  6.  Find 
the  coefficient  of  restitution  and  the  ratio  of  the  masses. 

16.  A  impinges  on  B  at  rest,  and  is  itself  reduced  to  rest  by 
the  impact.     Find  the  ratio  between  the  masses,  if  e  =  J. 

17.  A,  £  and  C  are  the  masses  of  three  bodies,  which  are 
formed  of  the  same  substance  ;  the  first  impinges  on  the  second 
at  rest,  and  the  second  impinges  on  the  third  at  rest.  Find  the 
value  of  e  in  order  that  the  velocity  communicated  to  C  may  be 
the  same  as  if  A  impinged  directly  on  C. 

18.  A  particle  is  projected  horizontally  with  a  velocity  of  40 
feet  per  second  from  a  point  30  feet  above  a  fixed  horizontal 
plane.  Find  the  height  to  which  it  will  rise,  and  its  range  after 
the  first  rebound ;  the  coefficient  of  restitution  being  \. 
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19.  A  shot  of  600  lbs.,  and  moving  with  a  velocity  of 
1,200  feet  per  second,  enters  the  side  of  a  ship  of  6,000  tons,  and 
remains  imbedded  in  it.  Find  the  velocity  which  it  communi- 
cates to  the  ship,  neglecting  the  resistance  of  the  water. 

20.  A  ball  of  elasticity  e  is  dropped  from  a  heigh ',  h  upon  a 
horizontal  plane.  Shew  that  the  whole  distance  through  which 
it  moves  before  coming  to  rest  is 

1  +e2 


h 


1  — 


21.  A  ball  impinging  on  a  smooth  plane  surface  lias  its  direc- 
tion turned  through  a  right  angle.  Find  the  angle  of  incidence,  e 
being  the  coefficient  of  restitution. 

22.  ABC  is  a  horizontal  circle;  a  ball  projected  from  A  is 
reflected  at  B  and  G  and  returns  to  A.  Shew  that  the  ratio  of 
the  time  from  A  to  B  to  that  from  C  to  A  is  equal  to  the  coeffi- 
cient of  restitution. 

23.  A  ball  falls  from  a  given  height  above  an  elastic  smooth 
plane.  Prove  that  the  time  of  hopping  is  the  same  for  all  incli- 
nations  of  the  plane. 

24.  A  smooth  circular  ring  rests  on  a  smooth  horizontal 
table,  and  a  small  spherical  mass  is  projected  from  the  centre  of 
the  circle,  with  velocity  v.  Shew  that  the  whole  time  which 
elapses  before  the  nth.  impact  is 

a      2  —  e71"1  —  en 

~^  '         en— 1  _  en 

25.  A  smooth  ring  is  fixed  horizontally  on  a  smooth  table, 
and  from  a  point  of  the  ring  a  particle  is  projected  along  the 
surface  of  the  table.  If  e  be  the  coefficient  of  elasticity  between 
the  ring  and  the  particle,  shew  that  the  latter  will,  after  three 
rebounrls,  return  to  the  point  of  projection  if  the  initial  direction 
makes  with  the  normal  to  the  ring  an  angle  tan  ~   ef. 
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EQUILIBRIUM  OF  RIGID  BODIES. 

1.  Explain  the  terms  strain  and  stress. 

2.  What  is  a  rigid  body  1  and  state  why  in  mechanics  we 
suppose  solids  to  be  perfectly  rigid. 

3.  Give  two  general  divisions  of  external  forces,  furnishing 
examples  j  and  explain  how  the  two  kinds  are  to  be  measured. 

4.  Explain,  on  mechanical  principles,  why  a  sharp  point  will 
so  easily  penetrate  a  body. 

5.  Which  is  the  greater:  30  ounces  per  square  inch,  or  1^ 
tons  per  square  yard  1 

6.  If  water  weighs  1,000  ounces  per  cubic  foot,  how  high 
must  the  water  be  in  a  tube  in  order  to  exert  a  pressure  of  15 
pds.  per  square  inch  on  the  bottom  1 

7.  Reduce  1  pd.  per  square  foot,  and  1  pd.  per  square  inch,  to 
dynes  per  square  cm.  (g  =  981). 

8.  The  average  weight  of  a  man  is  12  stone,  and  on  an  aver- 
age 5  men  occupy  7  square  feet.  Find  the  pressure  per  square 
foot  due  to  a  dense  crowd  on  a  bridge. 

9.  What  is  the  pressure  on  a  sluice-gate,  12  feet  broad 
against  which  the  water  rises  5  feet  1 

10.  Define  moment  of  a  force,  and  explain  the  meaning  of 
positive  and  negative  moments. 

11.  The  algebraical  sura  of  the  moments  of  two  forces  round 
a  point  in  the  plane  containing  the  forces  is  equal  to  the  moment 
of  their  resultant. 

12.  The  algebraical  sum  of  the  moments  of  two  forces  which 
form  a  couple  is  constant  round  any  point  in  the  plane  of  the 
couple. 
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13.  P  and  Q  are  fixed  points  on  the  circumference  of  a  circle  ; 
QA  and  QB  are  any  two  chords  at  right  angles  to  each  other,  on 
opposite  sides  of  QP.  If  QA  and  QB  denote  forces,  shew  that 
the  difference  of  their  moments  with  respect  to  P  is  constant. 

14.  Forces  are  represented  in  position,  magnitude  and  sense 
by  the  sides  of  a  closed  polygon  taken  the  same  way  round.  Prove 
that  the  sum  of  the  moments  of  these  forces  about  any  point  in 
their  plane  is  numerically  equal  to  twice  the  area  of  the  polygon. 

15.  State  the  conditions  for  equilibrium  when  a  number  of 
co-planar  forces  act  on  a  rigid  body. 

16.  A  uniform  rod  weighing  10  lbs.  is  hinged  to  a  verti- 
cal wall,  and  can  turn  in  a  vertical  plane.  It  is  held  in  a  hori- 
zontal position  by  a  string  attached  to  the  end  and  fastened  to  a 
point  in  the  wall  above  the  hinge,  a  distance  the  length  of  the 
rod.     Find  the  tension  of  the  string. 

1*7.  A  ladder  whose  weight  (99  lbs.)  acts  at  a  point  one- 
third  of  its  length  from  the  foot,  is  made  to  rest  against  a  smooth 
vertical  wall,  inclined  to  it  at  an  angle  of  30°,  by  a  force  applied 
horizontally  at  the  foot.     Find  the  force. 

18.  Find  the  true  weight  of  a  body  which  is  found  to  weigh 
8  ounces  and  9  ounces  when  placed  in  the  right  or  left  scale-pans 
of  a  false  balance,  respectively. 

19.  A  weight  of  12  lbs.  is  suspended  from  a  fixed  hook  by 
a  string ;  a  second  string  is  tied  to  the  weight,  and  by  pulling  it 
horizontally  the  first  string  is  caused  to  make  an  angle  with  the 
vertical  whose  cosine  is  |,  Find  the  forces  applied  by  the 
strings. 

20.  A  picture,  the  weight  of  which  is  4  lbs,  is  suspended 
from  a  nail  by  a  flexible  cord  ;  the  bop  of  the  picture  is  hori- 
zontal, and  the  angle  between  the  two  parts  of  the  cord  is  30°. 
Find  the  tension  of  the  cord. 
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21.  The  arms  of  a  lever  are  2  feet  and  3  feet  respectively. 
What  force  acting  at  an  angle  of  30°  to  the  longer  arm  will  balance 
a  force  of  30  pds.  acting  at  right  angles  to  the  shorter  arm  ? 

22.  A  lever,  with  a  fulcrum  at  one  end,  has  arms  such  that 
one  is  3  feet  longer  than  the  other.  If  the  power  is  10  times  the 
weight,  what  is  the  length  of  the  lever  ? 

23.  A  uniform  straight  rod,  2  feet  long  and  weighing  2 
lbs.,  rests  in  a  horizontal  position  between  two  fixed  pegs 
placed  at  a  distance  of  3  inches  apart,  one  of  the  pegs  being  at 
the  end  of  the  rod ;  a  weight  of  5  lbs.  is  suspended  at  the 
other  end  of  the  rod.     Find  the  pressure  on  each  of  the  pegs. 

24.  A  heavy  uniform  beam  of  weight  W  is  supported  in 
a  horizontal  position  by  two  men,  one  at  each  end ;  and  a  weight 
Q  is  placed  at  a  distance  |  of  the  length  of  the  beam  from  one 
end.     Find  the  weight  supported  by  each  man. 

25.  ABCDEF  is  a  regular  hexagonal  lamina.  Prove  that  it 
will  be  kept  in  equilibrium  by  the  following  seven  forces :  2 
pounds  along  A  B,  CD,  DE,  FA  and  AD;  5  pounds  along  CB, 
and  3  pounds  along  FE. 
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PARALLEL  FORCES. 

1.  A  body  is  acted  on  by  two  parallel  forces  2P  and  5P 
applied  in  the  same  sense,  their  lines  of  action  being  6  inches 
apart.  Determine  the  magnitude  of  a  third  force  which  will  be 
such  as  to  keep  the  body  at  rest. 

2.  Tf  the  forces  (Ex.  1)  act  in  opposite  senses,  find  what 
force  is  necessary. 

3.  Like  parallel  forces,  1,  2  and  3  pds.,  act  on  a  bar  at 
distances  4,  6  and  7  inches,  respectively,  from  one  end.  Find  their 
centre. 

4.  Any  number  of  parallel  forces  act  at  points  in  a  body. 
Shew  that  the  magnitude  of  their  resultant  is  unchanged 
when  the  directions  of  all  the  forces  are  turned  through  the  same 
angle.     Use  this  result  in  the  following  examples  : — 

5.  Equal  like  parallel  forces  act  at  5  of  the  angular  points  of 
a  regular  hexagon.     Determine  the  centre  of  the  parallel  forces. 

6.  Forces  of  4  pds.,  5  pds.,  6  pds.  act  at  the  points  A,  B,  C 
of  a  square  of  6-inch  side.     Find  the  centre  of  the  system. 

7.  Parallel  forces  P,  Q,  R  act  at  the  angular  points  A,  B,  C 
of  a  triangle.  Shew  that  the  perpendicular  distance  of  their  centre 
from  the  side  BC  is 

P  2  area  of  triangle 

P+  Q  +  R  X  BC 

8.  ABCD  is  a  square  whose  side  is  17  inches,  and  E  the 
intersection  of  the  diagonal ;  like  parallel  forces,  proportional  to 
3,  8,  7,  6  and  10,  act  at  the  points  A,  B,  C,  D,  E,  respectively. 
Prove  that  the  distances  oi  their  centre  from  AB  and  AD  are  9 
inches  and  10  inches,  respectively. 

0.  Find  the  centre  of  like  parallel  forces  7,  2,  8,  4,  6  pds. 
which  act  in  order  at  equal  distances  apart  along  a  straight  line. 

10.  Find  the  centre  of  equal  like  parallel  forces  acting  at  7 
of  the  angular  points  of  a  cube. 
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CENTRE  OF  GRAVITY. 

1.  Explain  what  is  the  C.  G.  of  a  body,  and  deduce  the 
formula  for  finding  its  position  from  the  principle  of  moments. 

2.  Give  an  experimental  method  of  determining  the  C,  G.  of 
a  plate. 

3.  Explain  the  terms  stability  and  instability  of  equilibrium, 
giving  examples. 

4.  State  when  a  body,  which  can  turn  freely  about  an  axis 
which  is  not  vertical,  is  in  stable  or  unstable  equilibrium. 

5.  Explain  what  are  Balancing  Couples. 

6.  Describe  the  Balance,  and  state  the  requisites  of  a  good 
one. 

V.  Explain  the  method  of  Double-weighing. 

8.  Find  the  C.  G.  of  a  triangle,  and  shew  that  it  coincides 
with  that  of  three  equal  heavy  particles  placed  at  its  angular 
points. 

9.  Find  the  C.  G.  of  any  rectilinear  figure. 

10.  Shew  how  to  find  the  C.  G.  of  a  wire  bent  in  the  form  of 
a  triangle. 

11.  Find  the  C.  G.  of  a  pyramid,  and  of  a  cone. 

12.  A  rod  3  feet  long  and  weighing  4  lbs.,  has  a  weight 
of  2  lbs.  attached  to  one  end.  Find  where  it  must  be  suspended 
in  order  to  rest  horizontal. 

13.  Find  the  C.  G.  of  a  uniform  circular  disc  out  of  which 
another  circular  disc  has  been  cut,  a  diameter  of  the  latter  being 
a  radius  of  the  former. 

14.  If  three  men  support  a  heavy  triangular  board  at  its  three 
corners,  compare  the  forces  exerted  by  each. 

8 
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15.  A  heavy  bar  14  feet  long  is  bent  into  a  right  angle,  so 
that  the  lengths  of  the  sides  are  8  feet  and  6  feet,  respectively. 
Shew  that  the  C.  G.  of  the  bar  so  bent  from  the  point  which  was 
the  C.  G.  when  the  bar  was  straight  is  |  \Z~2~  feet. 

16.  The  sides  of  a  triangle  are  3,  4  and  5  feet.  Find  the  dis- 
tance of  the  C.  G.  from  each  side. 

17.  Find  the  0.  G.  of  a  figure  consisting  of  an  equilateral 
triangle  and  a  square,  the  base  of  the  triangle  coinciding  with 
one  of  the  sides  of  the  square. 

18.  A  rod  of  uniform  thickness  is  made  up  of  equal  lengths 
of  three  substances,  whose  densities,  taken  in  order,  are  in  the 
proportion  of  1,  2,  3.     Find  the  C.  G.  of  the  rod. 

19.  A  square  stands  on  a  horizontal  table.  If  equal  portions 
be  removed  from  two  opposite  corners  by  straight  lines  parallel 
to  a  diagonal,  find  the  least  portion  which  can  be  left  so  as  not 
to  topple  over. 

20.  A  circular  tower,  whose  diameter  is  20  feet,  is  being 
built,  and  for  every  foot  it  rises  it  inclines  1  inch  from  the  ver- 
tical.     What  is  the  greatest  height  it  can  reach  without  falling  ? 

21.  A  uniform  square  plate  whose  side  is  6\/2"inches,  and 
which  weighs  5  lbs.,  has  a  25-lb.  weight  attached  to  one 
corner.  At  what  point  must  a  string  be  attached  that  the  plate 
may  hang  horizontal  1 

22.  Find  the  C.  G.  of  the  remainder  of  a  square  out  of  which 
one  of  the  triangles  formed  by  the  diagonals  has  been  removed. 

23.  Explain  why  in  ascending  a  hill  we  appear  to  lean  for* 
wards  ;  in  descending  to  lean  backwards. 

24.  Why  does  a  person  rising  from  a  chair  bend  his  body 
forwards,  and  his  legs  backwards  ? 

25.  What  is  the  use  of  a  rope-dancer's  pole  1 
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26.  A  cylinder,  the  diameter  of  which  is  10  feet  and  height 
60  feet,  rests  on  another  cylinder,  the  diameter  of  which  is  18 
feet  and  height  6  feet,  and  their  axes  coincide.  Find  their  com- 
mon C.  G. 

27.  Find  the  C.  G.  of  seven  equal  heavy  particles  placed  at 
the  angular  points  of  a  regular  octagon. 

28.  Find  the  C.  G  of  a  quadrilateral,  two  of  whose  sides  are 
parallel  to  one  another,  and  respectively  6  inches  and  14  inches 
while  the  other  sides  are  each  8  inches  long. 

29.  Find  the  C.  G.  of  the  frustum  of  a  cone,  when  the  radii 
of  the  faces  are  4  inches  and  8  inches,  respectively,  and  the  dis- 
tance between  them  7  inches. 

30.  A  circular  table  weighing  20  lbs.  rests  on  three  legs 
which  are  symmetrically  in  the  circumference.  Find  the  greatest 
weight  that  can  be  placed  on  any  part  of  the  table  without 
upsetting  it. 
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FRICTION. 

1.  Explain  carefully  the  terms  angle  of  repose  and  coefficient 
of  friction,  and  find  the  relation  between  them. 

2.  Enunciate  the  laws  of  limiting  friction. 

3.  If  the  smallest  force  which  will  move  a  given  block 
weighing  3  lbs.  along  a  horizontal  plane  is  </  3"  pds.,  find 
the  greatest  angle  at  which  the  plane  may  be  inclined  before 
sliding  commences.     What  is  the  coefficient  of  friction  ? 

4.  Find  the  work  done  in  dragging  a  25-lb.  block  20  feet 
along  a  rough  horizontal  plane  whose  coefficient  of  friction  is  J. 

5.  What  is  the  coefficient  of  friction  if  a  weight  just  rests  on 
a  rough  plane  inclined  at  45°  to  the  horizon? 

6.  A  weight  of  10  lbs.  rests  on  a  rough  plane  inclined  to 
the  horizon  at  an  angle  of  30°.  Find  the  pressure  at  right  angles 
to  the  plane,  and  the  friction. 

7.  A  body  rests  on  a  horizontal  plane  and  is  acted  on  by  a 
force  of  10  pds.  in  the  direction  making  60°  with  the  plane. 
What  amount  of  friction  is  called  into  play? 

8.  A  body  weighing  40  lbs.  rests  on  an  inclined  plane 
which  makes  with  the  horizon  an  angle  of  30°.  What  amount  of 
friction  is  acting  between  the  body  and  the  plane  1 

Q.  A  uniform  ladder  rests  with  one  end  on  a  horizontal 
stone  pavement,  the  other  leaning  against  a  vertical  brick  wall. 
Find  the  limiting  position  of  equilibrium,  the  coefficients  being  J 
and  §,  respectively. 

10.  A  body  placed  on  a  horizontal  plane  is  on  the  point  of 
moving  when  acted  on  by  a  force  equal  to  its  own  weight,  inclined 
to  the  horizon  at  an  angle  of  60°.  Find  the  coefficient  of 
friction. 
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11.  A  weight  of  14  lbs.,  when  placed  on  a  rough  plane 
inclined  to  the  horizon  at  an  angle  of  60°,  slides  down  unless  a 
force  of  at  least  7  pds.  acts  on  it  up  the  plane.  What  is  the 
coefficient  of  friction  ? 

12.  How  much  work  is  done  by  an  engine  weighing  10  tons 
in  moving  half-a-mile  on  a  horizontal  road  if  the  resistance  is  12 
pds.  per  ton  ? 

13.  A  body  weighing  40  lbs.  is  projected  along  a  rough 
horizontal  plane  with  a  velocity  of  150  feet  per  second;  the 
coefficient  of  friction  is  \.  Find  the  work  done  against  friction  in 
5  seconds. 

14.  If  the  height  of  a  rough  inclined  plane  be  to  the  length 
as  3  is  to  5,  and  a  weight  of  10  lbs.  can  just  be  supported  by 
friction  alone,  shew  that  it  will  just  be  on  the  point  of  being 
drawn  up  by  a  force  of  12  pds.  along  the  plane. 

15.  Find  the  work  done  in  dragging  a  weight  IF  up  a  rough 
plane  inclined  to  the  horizon  at  an  angle  a,  through  a  space  s,  ft 
being  the  coefficient  of  friction. 

16.  What  is  the  work  done  in  dragging  the  body  down  the 
plane,  which  is  supposed  to  be  too  rough  to  allow  sliding  of 
itself? 

17.  Find  the  H.-P.  of  a  locomotive  which  is  to  move  at  the 
rate  of  30  miles  an  hour,  the  weight  of  the  engine  and  load  being 
50  tons,  and  the  total  resistance  from  friction,  etc.,  16  pds. 
per  ton. 

18.  Find  the  H.-P.  of  an  engine  which  is  to  move  at  the  rate 
of  20  miles  an  hour  up  an  incline  which  rises  1  in  100,  the  weight 
of  the  engine  and  load  being  60  tons,  and  the  resistance  from 
friction  being  12  pds.  per  ton. 

19.  Find  at  what  rate  an  engine  of  30  H.-P.  could  draw  a 
train  weighing  50  tons  up  an  incline  of  1  in  280,  the  resistance 
of  friction  being  7  pds.  per  ton. 
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20.  A  body  slides   down  a  rough   plane,   the  coefficient  of 

friction  being  — —  j  the  inclination  to  the  horizon  is  30°.     Find 
^•v  3 

the  space  passed  over  in  8  seconds. 

21.  If  a  weight  of  4  lbs.  is  just  on  the  point  of  slipping 
down  a  rough  plane  inclined  at  45°  when  a  force  of  2  pds. 
acts  up  the  plane,  find  the  least  force  which  will  move  the 
weight  up  the  plane  when  the  inclination  is  30°  to  the  horizon. 

22.  Weights  of  4  lbs.  and  5  lbs.,  respectively,  connected 
by  a  light  rigid  rod,  are  placed  on  a  rough  inclined  plane 
with  the  rod  parallel  to  the  Hue  of  greatest  slope.  If  the  coeffi- 
cient of  friction  between  the  4-lb.  weight  and  the  plane  is  *6,  and 
that  between  the  other  weight  and  the  plane  is  -42,  find  the 
greatest  inclination  of  the  plane  to  the  horizon  consistent  with 
equilibrium. 

23.  Two  equal  heavy  rings  hang  on  a  rough  horizontal  rod, 
and  are  connected  by  a  string  of  length  c  which  supports  an 
equal  heavy  ring.  Find  the  greatest  possible  distance  between  the 
first  two  rings. 

24.  A  heavy  uniform  rod  2  feet  long  rests  between  two  pegs 
in  a  vertical  board,  3  inches  apart,  one  of  which  is  at  the 
end  of  the  rod.  The  coefficient  of  friction  between  the  rod  and 
the  pegs  is  \.  What  is  the  greatest  angle  through  which  the 
board  may  be  turned  in  the  vertical  plane  before  the  stick  begins 
to  slip  1 

25.  A  uniform  pole  leans  against  a  smooth  wall  at  an  angle 
of  45°,  the  lower  end  being  on  a  rough  horizontal  plane.  Shew 
that  the  amount  of  friction  required  to  prevent  sliding  is  half 
the  weight  of  the  pole. 


EXAMPLES  IN  MECHANICS.  63 


MISCELLANEOUS  EXERCISES. 

1.  Draw  a  diagram  to  represent  the  velocities  of  a  swinging 
pendulum  ;  the  velocity-lines  being  horizontal,  and  the  time-line 
vertical. 

2.  A  point  goes  k  feet  in  t  seconds.  How  long  does  it  take 
to  go  m  miles  with  the  same  velocity  ? 

3.  A  train  goes  n  miles  in  k  hours.  How  far  does  it  go  in  t 
seconds  ? 

4.  The  velocity  of  a  train  is  30  miles  an  hour  ; 

(1)  How  long  will  it  take  to  traverse  100  yards  1 

(2)  How  many  seconds  will  it  take  to  go  150  feet1? 

5.  A  velocity  of  3  yards  per  second  is  k  times  one  of  70  feet 
per  minute.     What  is  k  ? 

6.  A  man  6  feet  high  walks  in  a  straight  line,  away  from  a 
lamp  post  which  is  10  feet  high.  Supposing  the  man  to  start 
from  the  post  and  walk  at  the  rate  of  4  miles  per  hour,  find  the 
rate  at  which  the  end  of  the  shadow  travels  and  also  the  rate  at 
which  his  shadow  lengthens. 

*7.  One  point  moves  uniformly  round  the  circumference  of  a 
circle  while  another  is  moving  uniformly  across  the  diameter. 
Compare  the  velocities. 

8.  One  point  describes  the  circumference  of  a  circle  of  a  feet 
radius  in  b  minutes ;  and  another  describes  the  circumference  of 
a  circle  of  b  feet  in  a  minutes.     Compare  the  velocities. 

9.  If  the  unit  of  lime  be  a  minute,  and  a  foot  be  the  unit  of 
space,  what  is  the  numerical  value  for  the  velocity  of  40  miles 
per  hour  1 

10.  How  many  minutes  will  a  body  take  to  go  a  mile  with 
a  velocity  5,  the  standard  velocity  being  25  feet  per  3  minutes  1 
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11.  If  the  velocity  of  30  feet  per  second  be  represented  by 
5,  what  will  be  the  measure  of  the  velocity  of  7  yards  per  2 
minutes  ? 

12.  Given,  that  a  certain  line  11  inches  long  represents  a 
velocity  of  3  miles  per  hour  to  the  east,  how  would  you  repre- 
sent a  velocity  of  100  yards  per  minute  to  the  north-east1? 

13.  Find  the  velocity  in  metres  per  second,  arising  from  the 
rotation  of  the  earth,  of  a  point  in  latitude  60°. 

14.  A  point  passes  over  h  feet  in  2  seconds  ;  after  an  interval 
of  t  seconds  it  is  observed  to  be  displaced  k  feet  in  2  seconds  ; 
find  the  acceleration.     Total  time  is  t  -f  4  seconds. 

15.  Represent  graphically  the  space  passed  over  by  a  particle 
which  moves  with  a  variable  velocity. 

16.  A  point  is  observed  to  move  48  feet  from  rest  in  60 
seconds,  what  is  its  acceleration,  supposed  constant  1 

17.  A  point,  having  a  constant  acceleration,  is  displaced  72 
feet  while  its  velocity  increases  from  16  to  20  feet  per  second. 
What  is  its  acceleration  1 

18.  A  train's  acceleration  is  5  feet  a  second  per  second.  How 
long  will  it  take  to  acquire  a  velocity  of  100  yards  per  minute 
from  rest  ? 

19.  Shew  that  the  acceleration  of  360  feet  a  second  per  hour 
is    double  that  of  1  yard  a  minute  per  minute. 

20.  Compare  the  acceleration  of  m  feet  a  second  per  minute 
with  the  acceleration  n  feet  a  minute  per  second. 

21.  A  body  falls  freely  from  the  top  of  a  tower,  and  during 
the  last  second  of  its  flight  falls  ^f  of  the  whole  distance.  Find 
the  height  of  the  tower. 

22.  A  particle,  under  the  action  of  gravity,  passes  a  given 
point  moving  downwards  with  a  velocity  of  50  metres  per  second. 
How  long  before  this  was  it  moving  upwards  at  the  same  rate  ? 
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23.  A  balloon  ascends  with  a  uniform  acceleration  of  4  foot- 
second  units  ;  at  the  end  of  half-a-minute  from  leaving  the  ground 
a  body  is  released  from  it.  Find  the  time  that  elapses  before  it 
reaches  the  ground. 

24.  A  body  slides  down  chords  of  a  vertical  circle  ending  in 
its  lowest  point.  Shew  that  the  velocity  on  reaching  the  lowest 
point  varies  as  the  length  of  the  chord. 

25.  Find  the  straight  line  of  quickest  descent  from  a  given 
point  to  a  given  circle  in  the  same  vertical  plane. 

26.  Find  the  position  of  a  point  on  the  circumference  of  a 
vertical  circle,  in  order  that  the  time  of  rectilinear  descent  from 
it  to  the  centre  may  be  the  same  as  that  to  the  lowest  point. 

27.  Find  the  line  of  quickest  descent  from  the  focus  to  a 
parabola  whose  axis  is  vertical  and  vertex  upwards,  and  shew 
that  its  length  is  equal  to  that  of  the  latus  rectum. 

28.  A  body  starts  with  velocity  u  and  moves  with  uniform 
acceleration  ;  if  a,  b,  c  are  the  spaces  described  in  the  pih,  qth  and 
rth  seconds,  respectively,  prove  that 

a  (q  —  r)  -f  b  (r  —  p)  +  c  (p  —  q)  =  0. 

29.  A  particle  starts  from  rest  with  acceleration  f;  at  the 
end  of  time  t  the  acceleration  becomes  2f;  Sf  at  the  end  2t, 
and  so  on.  Find  the  velocity  at  the  end  of  time  nt,  and  shew 
that  the  space  described  is 

J2  n  (n  +  1)  (2n  +  1)A2 

30.  Shew  that  the  highest  point  of  a  wheel  rolling  on  a  hori- 
zontal plane  moves  twice  as  fast  as  a  point  on  the  rim  whose 
distance  from  the  ground  is  half  the  radius. 

31.  Bodies  slide  down  smooth  faces  of  a  pyramid,  starting 
from  rest  at  the  vertex.  Shew  that  at  any  time  t  they  all  lie  on 
a  sphere  whose  radius  is  \gft. 

32.  One  particle  describes  the  diameter  AB  of  &  circle  with 
uniform  velocity,  and  another  the  semi-circumference   AB   with 
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uniform  tangential  acceleration  •  they  start  together  from  A  and 
arrive  together  at  B.    Shew  that  the  velocities  at  B  are  as  1  :  tz. 

33.  A  body  falls  through  a  feet  and  acquires  a  velocity  v, 
with  a  uniform  acceleration^  in  t  seconds.  What  are  the  units 
of  time  and  length  ? 

34.  A  is  a  fixed  point  on  a  circle  upon  which  the  point  P 
moves  with  uniform  velocity.  Shew  that  the  apparent  angular 
velocity  of  P  about  A  is  constant,  and  is  equal  to  one-half  its 
angular  velocity  about  the  centre  of  the  circle. 

35.  Explain  why  a  man,  walking  in  the  rain,  holds  his 
umbrella  a  little  in  front  of  him,  though  there  is  no  wind. 

36.  A  pressure  of  a  kilogram  acts  on  a  body  continuously  for 
10  seconds,  and  causes  it  to  describe  10  metres  in  that  time 
Find  the  mass  of  the  body. 

37.  Weights  ml  and  ra2  lbs.  are  attached  to  the  ends  of  a 
string  and  hung  over  a  pulley ;  if  the  tension  of  the  string  is 
M  pels.,  prove  that  M  is  a  harmonic  mean  between  m1  and  m%. 

38.  A  mass  P  is  drawn  up  a  smooth  plane  inclined  to  the 
horizon  at  an  angle  of  30°,  by  a  mass  Q  attached  to  a  string 
passing  over  a  pulley  at  the  top  of  the  plane ;  if  the  acceleration 
of  the  system  be  one-fourth  that  of  a  freely  falling  body,  find  the 
ratio  of  Q  to  P. 

39.  P  hangs  vertically  and  is  9  lbs. ;  Q  is  a  mass  of  6 
lbs.,  on  a  smooth  plane  inclined  to  the  horizon  at  30°.  Shew 
that  if  connected  P  will  drag  Q  up  the  whole  length  of  the  plane 
in  half  the  time  that  Q,  hanging  vertically,  will  drag  P  up  the 
plane. 

40.  A  mass  of  2  lbs.  is  struck  and  starts  off  with  a  velocity 
of  10  feet  per  second.  If  the  time  during  which  the  blow 
lasts  be  T^0  of  a  second,  find  the  average  value  of  the  force  acting 
on  the  mass. 
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41-  A  shot  of  mass  1  ounce  is  projected  with  a  velocity  of 
1,000  feet  per  second  from  a  gun  whose  mass  is  10  lbs.  Find 
the  velocity  with  which  the  latter  begins  to  recoil. 

42-  A  shot,  whose  mass  is  800  lbs.,  is  discharged  from  an 
81-ton  gun  with  a  velocity  of  1,400  feet  per  second.  Find  the 
steady  pressure  which,  acting  on  the  gun,  would  stop  it  after  a 
recoil  of  5  feet. 

43.  A  13-ton  gun  recoils,  on  being  discharged,  with  a  velocity 
of  10  feet  per  second,  and  is  brought  to  rest  by  a  uniform  friction 
of  4-^g  tons.     How  far  does  it  recoil  1 

44-  The  weights  of  an  eight-day  clock  are  together  11  lbs., 
and  when  the  clock  is  wound  up  they  are  raised  a  yard.  How 
many  such  clocks  could  an  engine  of  1  horse-power  drive  1 

45-  Explain  each  symbol  in  the  equation  W  =  gpV,  giving 
the  units  in  each  case  (in  the  C.  G.  S.  system). 

46-  If  a  second  be  the  unit  of  time  and  an  acre  be  represented 
by  10,  what  will  be  the  numerical  value  of  a  velocity  of  45  miles 
per  hour  1 

47-  The  density  of  water  being  the  unit  of  density,  and  10 
lbs.  the  unit  of  mass,  find  the  unit  of  length— it  being  given 
that  a  cubic  foot  of  water  contains  1,000  ounces. 

48-  If  the  unit  of  time  be  5  minutes,  and  the  unit  of  length 
5  yards,  find  the  value  of  g. 

49.  If  the  area  of  a  10-acre  field  be  represented  by  100,  and 
the  acceleration  of  a  falling  body  by  58|,  find  the  unit  of  time. 

50.  A  shot  is  fired  at  an  elevation  of  30°  so  as  to  strike  an 
object  at  a  distance  of  2,500  feet,  and  on  an  ascent  of  1  in  40. 
Find  the  velocity  of  projection,  neglecting  the  resistance  of  the 
air. 

51.  Neglecting  the  resistance  of  the  air,  the  greatest  range 
of  a  rifle  bullet  on  level  ground  is  20,000  feet.  Find  its  initial 
velocity,  and  its  maximum  range  up  an  incline  of  30°. 
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52.  If  two  circles,  one  within  the  other,  touch  each  other  at 
their  highest  or  lowest  points,  and  a  straight  line  be  drawn 
through  this  point,  the  time  of  falling  from  rest  down  the  straight 
line  intercepted  between  the  circumferences  is  constant. 

53.  Given  that  the  mass  of  the  earth  is  6-14  x  1027  grams, 
and  its  radius  6'37  X  108  cm.,  and^  =  981.  Shew  that  if  2 
spheres  of  mass  3,928  grams  each,  be  placed  with  their  centres 
1  cm.  apart,  the  force  of  attraction  between  them  is  1  dyne. 

54.  A  particle  is  projected  with  velocity  2  y/ag  so  that  it  just 
clears  two  walls,  of  equal  height  a,  which  are  at  a  distance  2a 
from  each  other.     Shew  that  the  latus  rectum  of  the  path  is  2a, 

and  that  the  time  of  passing  between  the  walls  is  2   /—  (g  beiug 
the  acceleration  of  gravity). 

55.  A  ball  is  projected  from  a  given  point,  at  a  given  inclina 
tion,  towards  a  vertical  wall  at  a  distance  c.  Determine  the 
velocity  of  projection  so  that,  after  striking  the  wall,  the  ball 
may  return  to  the  point  of  projection  \  e  being  the  coefficient  of 
restitution. 

56.  An  imperfectly  elastic  ball  is  thrown  from  a  given  point 
against  a  vertical  wall.  Find  the  direction  in  which  it  must  be 
projected  with  the  least  velocity  so  as  to  return  to  the  point  of 
projection  ;    e  being  the  coefficient  of  restitution. 

57.  The  masses  of  five  balls  at  rest  in  a  straight  line  form  a 
geometrical  progression  whose  ratio  is  2,  and  their  coefficients  of 
restitution  are  each  §.  If  the  first  ball  be  started  towards  the 
second,  shew  that  the  velocity  communicated  to  the  fifth  is  (f )*u. 

58.  A  particle  slides  down  the  arc  of  a  vertical  circle.  Shew 
that  its  velocity  at  the  lowest  point  varies  as  the  chord  of  the 
arc  of  descent. 

59.  A  force  acting  uniformly  during  one-tenth  of  a  second 
produces  in  a  given  body  the  velocity  of  a  mile  a  minute.  Com- 
pare this  force  with  the  weight  of  the  body. 
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60.  Of  two  equal  and  perfectly  elastic  balls  one  is  projected 
so  as  to  describe  a  parabola,  and  the  other  is  dropped  from  the 
directrix  so  as  just  to  fall  upon  the  first  when  at  its  highest 
point.    Determine  the  position  of  the  vertex  of  the  new  parabola. 

61.  A  particle  is  projected  with  a  given  velocity  at  a  given 
inclination  to  the  horizon  from  a  point  in  an  inclined  plane.  Find 
the  whole  time  which  elapses  before  the  particle  ceases  to  hop. 

62.  At  what  angle  of  inclination  to  a  level  road  should  the 
traces  be  attached  to  a  sleigh  that  it  may  be  drawn  along  with  the 
least  exertion  ? 

63.  Find  the  C.  G.  of  n  equal  particles  arranged  at  equal 
intervals  along  a  circular  arc. 

64.  A  cone  whose  height  is  equal  to  four  times  the  radius  of 
its  base  is  hung  from  a  point  in  the  circumference  of  its  base. 
Find  the  position  in  which  it  will  rest. 

65.  If  G  be  the  C.  G.  of  a  triangle  ABC,  shew  that 
3  (AG2  +  BG2  +  CG*)  =  AB*  +  BC*  +  GA\ 

66.  A  stream  of  water  falls  from  rest  at  a  height  of  30  feet 
above  a  horizontal  inelastic  plane  at  the  rate  of  100  gallons  per 
minute.  Find  the  pressure  on  the  plane,  supposing  the  water  to 
flow  freely  off  it. 

67.  A  jet  of  water,  the  area  of  whose  transverse  section  is 
one  square  inch,  impinges  directly  upon  a  wall  with  a  velocity  of 
128  feet  per  second.  Find  the  pressure  on  the  wall,  the  water 
spreading  freely  over  it. 

68.  A  stone  is  thrown  in  such  a  manner  that  it  would  just 
hit  a  bird  at  the  top  of  a  tree,  and  afterwards  reach  a  height 
double  that  of  the  tree.  If,  at  the  moment  of  throwing  the  stone, 
the  bird  flies  away  horizontally,  prove  that  the  stone  will,  not- 
withstanding, hit  the  bird,  if  its  horizontal  velocity  is  to  that  of 
the  bird  as  ^2  +  1  :  2. 

69-  Find  the  work  done  in  drawing  up  a  Venetian  blind. 
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70.  A  ball  of  elasticity  J  falls  from  a  height  of  64  feet  upon 
a  horizontal  plane.  Find  the  height  to  which  it  will  rise  at  the 
first  rebound,  and  the  time  at  which  the  reboundiDg  will  cease. 

71.  Find  the  direction  of  the  straight  line  of  quickest  descent 
between  two  given  parallel  straight  lines  in  a  vertical  plane. 

72.  A  triangular  lamina  is  acted  on  by  three  forces  which  are 
represented  by  the  lines  drawn  through  each  angle  and  bisecting 
the  opposite  side.     Prove  that  the  lamina  is  in  equilibrium. 

73.  Find  the  centre  of  the  parallel  forces  1,  2,  3  acting  at 
the  angles  of  an  equilateral  triangle. 

74.  Two  equal  rods  A B,  BC  are  firmly  joined  together  at  B 
at  right  angles.  If  they  were  suspended  from  A  so  as  to  be 
capable  of  turning  freely  about  that  point,  in  what  position  will 
they  hang?  Could  you  make  them  hang  with  one  side  vertical 
by  attaching  a  heavy  weight  at  B  ? 

75-  A  circular  disc  of  1  foot  radius  has  a  circular  hole  of 
3-inch  radius  cut  out  of  it ;  the  centre  of  the  hole  being  at  a 
distance  of  2  inches  from  the  centre  of  the  disc.  Find  the  C.  G. 
of  the  disc. 

76-  A  uniform  rod  4  inches  long  is  placed  with  one  end  inside 
a  smooth  hemispherical  bowl,  of  which  the  axis  is  vertical  and 
radius  is  y/~z  inches  long.  Shew  that  one-fourth  of  the  rod  will 
project  over  the  rim  of  the  bowl. 

77.  A  force  can  just  move  a  given  weight  up  a  plane  of  30°, 
and  can  just  prevent  a  weight  twice  as  great  from  moving  down 
a  plane  of  60°.  Prove  that  the  coefficient  of  friction,  which  is 
the  same  for  both  planes,  is  *26  nearly. 

78.  Explain  why  it  is  easier  to  drag  a  wheelbarrow  after  you 
over  a  log  than  to  push  it  before  you. 

79.  A  heavy  particle  is  placed  on  the  top  of  a  smooth  sphere. 
Prove  that  it  will  leave  the  sphere  when  it  has  descended  a  ver- 
tical distance  equal  to  one-third  of  the  radius. 
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80.  A  ball,  falling  from  the  top  of  a  tower,  had  descended  a 
feet  when  another  was  dropped  from  a  point  distant  b  from  the 
top  of  the  tower.  If  they  reach  the  ground  together,  prove  that 
the  height  of  the  tower  is  {a  -J-  b)2  /  4a  feet. 

81.  Two  small  smooth  unequal  spheres  are  placed  in  a  fixed 
smooth  hemispherical  bowl.  When  in  equilibrium  under  gravity, 
find  the  inclination  to  the  horizon  of  the  line  joining  their 
centres. 

82.  The  altitude  of  a  right  cone  is  h,  and  the  diameter  of  the 
base  is  b  ;  a  string  is  fastened  to  the  vertex  and  to  a  point  in  the 
circumference  of  the  base,  and  is  then  put  over  a  smooth  peg. 
Shew  that  if  the  cone  rests  with  axis  horizontal,  the  length  of  the 
string  is  ^  (h2  +  b2). 

83.  A  uniform  stick  6  feet  long  lies  on  a  table  with  one  end 
projecting  2  feet  over  the  edge;  the  greatest  weight  that  can  be 
suspended  from  the  end  of  the  projecting  portion  without  des- 
troying the  equilibrium  is  1  lb.  Find  the  weight  of  the 
stick. 

84.  Find  the  C.  G.  of  a  cube  from  one  corner  of  which  a  cube 
whose  edge  is  one-half  the  edge  of  the  first  has  been  removed. 

85.  Two  equal  smooth  spheres  are  strung  on  a  thread  which 
is  then  suspended  by  its  extremities  so  that  its  upper  portions 
are  parallel.  Find  the  pressure  between  the  spheres,  the  holes 
being  smooth. 

86.  Explain  how  it  is  that  an  ice-boat  can  travel  faster  than 
the  wind. 

87.  Two  uniform  beams  of  equal  weight,  but  of  unequal 
length,  are  placed  with  their  lower  ends  in  contact  on  a  smooth 
horizontal  plane,  and  their  upper  ends  against  smooth  vertical 
planes.  Shew  that  in  the  position  of  equilibrium  the  two  beams 
are  equally  inclined  to  the  horizon. 

88.  Shew  that  the  time  of  descent  from  any  point  on  a 
cycloid  to  the  corresponding  point  on  its  evolute  is  the  same. 
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89.  When  a  particle  starts  from  the  cusp  of  an  inverted 
cycloid,  the  vertical  velocity  of  the  particle  is  greatest  when  it 
has  completed  half  its  vertical  descent. 

90.  A  particle  descends  from  the  cusp  of  an  inverted  cycloid, 
and  P  is  any  point  on  the  cycloid.  Shew  that  when  passing  P 
the  pressure  on  the  curve  is  twice  what  it  would  be  if  the 
particle  started  from  P. 

91.  An  imperfectly  elastic  particle  falls  down  an  inclined 
plane  of  given  length,  and  at  the  foot  impinges  on  a  horizontal 
plane.  Shew  that  the  range  on  this  plane  will  be  greatest  when 
the  angle  of  elevation  of  the  inclined  plane  is  tan-1  */  2. 

92.  An  imperfectly  elastic  ball  is  dropped  into  a  hemis- 
pherical bowl  from  a  height  n  times  the  radius  of  the  bowl 
above  the  point  of  impact,  so  that  it  strikes  the  bowl  at  a  point 
30°  from  its  lowest  point,  and  just  rebounds  over  the  edge  of  the 
bowl.     Shew  that  the  coefficient  of  restitution  is  4>/3.  n~ i 

93.  A  beam  weighs  750  lbs.,  and  is  28  feet  long.  A 
boy  lifts  one  end,  and  a  man  with  a  lever  4  feet  long  raises  the 
other.  The  fulcrum  is  6  inches  from  the  beam,  and  the  pressure 
exerted  by  the  man  on  his  end  of  the  lever  is  twice  as  great  as 
that  by  the  boy  on  the  end  of  the  beam.  Find  how  much  the 
boy  lifts,  and  the  point  where  the  lever  presses  the  beam. 

94.  On  the  moon  there  seems  to  be  no  atmosphere,  and 
gravity  is  about  \  as  great  as  on  the  earth.  What  space  of 
country  can  be  commanded  by  a  lunar  fort  able  to  project  shot 
at  1,600  feet  per  second  1 

95.  A,  B,  C  are  three  equal  balls  situated  at  the  angular 
points,  A,  B,  G  of  an  equilateral  triangle,  and  connected  by 
fine  inekstic  strings  A  B,  BC.  The  ball  B  receives  an  impulse 
in  a  direction  at  right  angles  to  A  C,  and  in  the  plane  ABC. 
Prove  that  the  velocity  produced  thereby  in  B  is  §  of  what  it 
would  have  been  if  B  had  been  free. 
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96.  A  rod  AB  slides  with  its  extremities  always  on  two 
straight  lines.     Find  the  instantaneous  centre  at  any  time. 

97-  A  number  of  equal  heavy  particles  are  fastened  at  equal 
distances  a,  ou  an  inelastic  string,  and  placed  in  contact  on  the 
edge  of  a  table.  Shew  that  if  the  lowest  be  then  allowed  to  fall 
freely,  the  velocity  with  which  the  nth  begins  to  move  is  equal 
to 


/      (^-1 


)  (2n  -  1) 


3n 

98.  Shew  that  in  the  limit,  when  a  is  indefinitely  small  and 
na  finite,  the  chain  (or  heavy  flexible  rope)  will  descend  with  a 
uniform  acceleration  \g. 

99.  A  hollow  spherical  shell  has  a  small  hole  at  its  lowest 
point,  and  any  number  of  particles  start  down  chords  from  the 
interior  surface  at  the  same  instant,  pass  through  the  hole,  and 
then  move  freely.  Shew  that  before  and  after  passing  through 
the  hole,  they  lie  on  the  surface  of  a  sphere,  and  determine  its 
radius  and  position  at  any  instant. 

100.  Prove  that,  on  account  of  the  rotation  of  the  earth,  the 
apparent  weight  at  the  equator  of  a  body  is  less  than  its  weight 
at  the  pole  by  about  2|^th  of  the  latter ;  and  at  latitude  X  ap- 
proximately 2!^  cos  2L 


10 


ANSWERS. 


ANSWERS. 


Velocity,  p.  27. 

2.  15  mis.  per  hr.;  20  mis.  per  hr.  8.  10J,  10,  11  ft.  per 
sec. 

11.  112  ft.  per  sec.  12.  575  ft.  13.  40  sec.  previously. 
14.  2^/2  mis.  per  hr.  each.  15.  5^/3  ft.  per  sec.  16.  v  cos  6, 
v  sin  6. 

1 7.  8-  06  knots  per  hr.  at  about  60°  N.E.  by  N.  1 8.  9^/3  yds. 
per  sec. 

19.  (a)  20  ft.  per  sec.        (b)     la?  +  (%p)2  ft     Per  sec- 

20.  28-28 ft.  per  sec. 

21.  (a)  26-4 ft.   per  sec.      (b)  6-7 ft.  per  sec.  (c) 

1-551 ft.  per  sec.     22.  33-8 ft.  per  sec.  at  angle  30°. 

23.  35-5 ....  ft.  from  point  of  stoppage.      24.  28  ft.   per  sec. 

S.    60°  W.     25.  100  ft.   26.  8-7  min.  nearly ;  up  stream  30°. 
27.  21  ft.  per  sec.  nearly. 

Acceleration,  p.  31. 

2.  16  ft.  a  sec.  per  sec.  3.  2  ft.  a  sec.  per  sec.  ;  29  ft.  per 
sec.     4.  102  ft.,  208  ft.,  27,600  ft. 

5.  277  ft.  per.  sec. ;  3  ft.  a  sec.  per  min.  6.  15  sec  ;  15  sec. 
more.  7.  11  sec.  8.  65  ft.  per  sec.  9.  8  ft.  a  sec.  per  sec.  10. 
115,200.     11.  The  same. 

12.  16  ft.     15.  4  ft.  a  sec.  per  sec.     16.  48 J  ft.     18.  15  cms. 
19.  210....  ft.     20.  2661-5....   ft.      21.  715-5....  ft.  per 

sec. 

22.  \  sec.  23.  35  ft.  26.  Draw  a  vertical  through  P,  and 
describe  a  circle  with  centre  in  this  line  and  touching  the  given 
straight  line.     Join  P  to  the  point  of  contact.     27.  504  ft. 
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Projectiles,  p.  34. 

5.  56*  ft.  above  point  of  projection;  56J  ft.    6.  1860.75 

ft.  per  sec. ;  tan-1  (jj^V)-     7-  5>208*  vds-     8-  25  ft- 
9.  8,954-82 ft.     10.  Elevation,  tan"1  J  (20  ±  ^/jui) 

12.    (Distance)2  =  {  u2  +  v2  —  2uv  cos  (a  —  p)  }t2  .     14 
320  v"3  ft.  from  the  cliff. 
15.  7,81 2|  ft.  j  l,953£ft. 


Mass,  Density,  etc.,  p.  36. 

1.  62J.     2.  1  c.c;  1.     3.  13-6  x  62J  =  850 ;  1. 
4.  1-58. . . .  ;  no.     5.  656.25  j  1-754. . .  .lbs. 

6.  7,812|;  1  lb.  mass  moving  with  velocity,  1  ft.  per  sec. 

7.  3,060.     8.  H=  2,250;   F=  18  (125  ^/F-  96);  resul- 
tant =  18  x  142-11  or  2,557-98. 

9.  80:7.     10.  Equal. 


Force,  p.  37. 

2.  48  units  ;  16  units.  3.  4  ft.  a  sec.  per  sec.  5.  18  units 
per  second.  6.  1  ft.  per  sec.  in  opposite  direction.  7.  36  ft. 
per  sec. 

8.  1J  units,  4  units;  3:8;  10 J  ft.  per  sec;  28  ft.  per  sec. 

9.  12  units;  1J  units  per  sec.  10.  (a)  The  same,  (b)  1  : 
3:1000. 


Units  of  Force,  p.  38. 

1,  (a)  1  ft.  per  sec.  (b)  1  ft.  a  sec.  per  sec.  (c)  1  lb.  mov- 
ing with  a  vel.  of  1  ft.  per  sec.  (d)  Unit  force  in  1  sec.  will 
generate  in  1  lb.  mass  a  velocity  of  1  ft.  per  sec. 
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2.  32  ft.  per  sec;  1  ft.  per  sec.-"  32  :  1.     3.  32  poundals  =  1 
pd.     6.   1  oz.  =  27,869-32  dynes  nearly  (g  =  981). 

7.  5  ft.  per  sec.     8.  153  6  ft.  per  sec.     9.   150  ft.  per  sec; 
900.     10.   -016  ft.  a  sec.  per  sec;  9 '6  ft.  per  sec 

11.  10cras.persec  12.25,000:327.  13.  7,357,500  C.  G.  S. 
units. 

14.   224  :  675.     15.  ||  cm.  per  sec;  16;  2]J  cm. 

16.  4;  50  ft.     17.  3  grams.     18.  72  ft.     19.  192  ft. 

20.  480  ft.  per  sec;  96,000  units.  21.  66f  ft.  22.  32  ft. 
23.  24^/3  ft.  per  sec  ;  36^/3  ft.  24.  1  :  2.  25.  Sufficient  to 
generate  momentum  6^/3  .  26.  y/{f  +  2gh).  27.  27  :  40  ; 
27  :  100. 

28.   20  ;  10.     29.  2  :  1  ;  1  :  2.     30.   Gravity,  576  :  575. 

31.  Force  units,  i.e.  poundals  or  dynes. 


Forces  acting  Simultaneously,  p.  41. 

3.  16pdls.     6.  64pds.,  8pds.     7.  37pds.     8.  9  pds.,  12pds. 
9.  15-62. ...pds.     10.  13-11.... pds.    11.  Almost  60°.    12. 
15  pds. 

14.  In  a  straight  line.     15.  Shorter,  4  pds.;  longer,  3  pds. 
17.  Angle  A  MB  is  constant.     19.  2</  2  pds.  parallel  to  DB. 
20.  Equivalent  to  1,  2  at  an  angle  of  120°.     21.  Yes,  all  in 
a  straight  line.      23.  n  times  the  radius.     24.  4^/2  pds. 
25.   1  ft.  a  sec.  per  sec;  6  sec.     26.   10^509  pds. 


Gravitation,  p.  44. 

2.  3^/6  feet.     5.   6y  7"  inches.      9.    ff£||   shillings  per  lb. 
11.  Increased,  16:9. 

12.  30  pds.     13.  4  ft.     14.  8  ft.     15.  2-5  ft.  nearly. 
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Work  and  Energy,  p.  46. 

3.  39  ft.-pds.  5.  180  ft.-pds.  6.  2,640.  7.  42,945.7 
....ft.-pds.     8.   19,200  ft. -pds.     9.  81,920  ft. -pds. 

10.  25  h.-p.  12.  112,000  x  r.  13.  \a.  14.  18,000 
ft.-pds. 

15.  2,500  ft.-pds.     16.  foot-poundals,  or  ergs.     17.  112  :  625. 

18.  12  ft.-pds.  19.  20-63  ft.-pds.  approx.  20.  140,800 
ft.-pds. 

21.  29,568  ft.-pds.  22.  25  :  512.  23.  7-23308  ft.-pds. 
•138254  kgms.  24.  64  :  125.  25.  131,250  ft.-pdls.,  or  4,101T9g 
ft. -pds.     26.  1,000  ft. -pds.     27.  y/%-\  :  1. 

28.  405,504,000  ft.-pds.     30.  346-4 metres  per  sec. 

31.  18  cms.     32.  458-25 m.  per  sec. 


Centre  op  Mass.,  p.  49. 

1.   7  ft.     2.  1  ft.  from  smaller.     3.   9jt  ft.  per  sec. 

4.   1|  ft.  per  sec.     5    v  m/m'  ft.  per  sec.  in  opposite  direction. 


Collision,  p.  50. 

2.  e-£—',  change  m  mv  (1  +  e).    3.  40^/2.     4.  4|J  in.  ;  3£ 

sec. 

5.   2  ft.  per  sec.  in  opposite  direction ;  change,  16  units.     6. 

4  ft.  per  sec.  in  opposite  direction.     8.     cot  — *  — —  ■     10.  MVX 

+  mv1  —  MV  —  mv  =  0. 

12.   11,  13  ft.  per  sec.     13.  Vel.  of  each  is  reversed  and  re 
duced  one-half;  pressure  =  change  of  momentum  =144  units. 

14.   1H  ft.       15.    e=£;    m'   m    2m.       16.  B  ==  3A.       17, 

_AC+  B2 
6~  B(A  +  C)  ' 

18.  7-5  ft.:    54-772....    ft.     19.      12o°    ft.   per   sec.       21. 
tan-1  y/e. 
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Equilibrium  of  Rigid  Bodies,  p.  53. 

5.  The  latter,  81  :  100.  6.  34-56  ft.  7.  479  X  10*,  6*9  X  10*, 
per  sq.  cm.     8.   120  pds.     9.   9,375  pds. 

16.  5v/2*  pds.  17.  llv/3"pds.  18.6^2  oz.  19.  20  pds., 
16  pds. 

20.  W2—s/s  pds.  21.  40  pds.  22.  3|  ft.  23.  41  pds., 
48  pds. 


Parallel  Forces,  p.  56. 

3.  6^  in.  from  the  end.  5.  At  a  distance  from  the  centre 
of  the  hexagon  equal  to  ^  of  a  side.  6.  2|  in.  from  AB  ;  \\^  in- 
from  BC.     9.  At  the  point  where  8  pds.  acts. 

10.   On  the  diagonal  through  the  point  where  no  force  acts,  at 
4  of  the  diagonal  from  this  point. 


Centre  op  Gravity,  p.  57. 

4.  Stable  when  C.  G.  is  in  lowest  position ;  unstable  in  high- 
est.    In  both  cases  the  C.  G.  and  the  axis  are  in  same  plane. 

8.  Join  A  to  mid-point  of  BC  ;  the  C.  G.  is  in  this  line  § 
of  distance  from  A.     9.  Divide  into  triangles. 

10,  It  is  the  centre  of  inscribed  circle. 

1 1 .  Join  the  vertex  to  the  C.  G.  of  the  base,  and  take  J  of  the 
distance  from  the  vertex.     12.   1  ft.  from  the  end. 

13.   At  a  distance  from  the  centre  of  the  large  circle  equal  to 
J  of  its  radius.      14.   All  equal.     16.  f ,  1,  £  ft. 

17.   At  a  distance  from  the    base  of    the    triangle    equal    to 
3 
— — ■ —  times  the  base.     18.  From  the  densest  end,  X  of 

8  -f  2^/3  18 

whole  length.      19.  j  of  the  square.     20.  240  ft. 
11 
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21.  In  the  diagonal  5  in.  from  the  centre. 

22.  Join  C  the  centre  of  square  to  M  the  centre  of  the  opp 
side  to  removed  triangle,  the  C.  G.  is  |  CM  from  C. 

26.  27|ff  ft.  from  the  base. 

27.  If  A  is  unoccupied  corner,  and  0  the  centre  of  the 
octagon,  the  required  point  is  in  AO  produced  through  0  a 
distance  \  AO.       28.  y§  v/3~  in.  from  longer  side. 

29.  4£  in.  from  centre  of  smaller  face.      30.  20  lbs. 


Friction,  p.  60. 

3.  30°;  -577....  4.  250  ft.-pds.  5.  1.  6.  5^3  pds.  ; 
5  pds. 

7.  5  pds.  8.  20  pds.  9.  tan  ~l  §  to  horizon.  10.  2  ^  </3  . 
Can  the  double  sign  be  allowed  ? 

11.   -73 12.  316,  800  ft.-pds.     13.  3,500  ft.-pds. 

15.  W  (sin  a  -+-  ix  cos  a)  s.  16.  IT  (p.  cos  a  —  sin  a)  s.  17. 
64  h.-p. 

18.   102-4  h.-p.     19.   1,400  ft.  per  min.     20.   256  ft. 

21.  3-01 . . .  .pds.     22.  tan-1  *.     23.  3  po/i/  (1  +  9/x2). 

24.  Stick  45°  to  horizon. 


Miscellaneous  Exercises,  p.  63. 

2.  22mt/l5k  hrs.     3.  22nt/i5k  yds.     4.  -4%  min.;  3592  sec. 
5.  7f.     6.   10  mis  per  hr.;  6  mis.  per  hr.     7.  w :  1. 
8.  a2:62.     9.3,520.     10.126-72.     11.  VJV  - 

12.  By  a  line  125  in.  long  at  45°  to  first.      13.   231-48 

metres  per  sec.       14.  (k  —  h)  /  (2t  +  4).      16.  T%  ft.  a  sec.  per 
sec.     17.  1  ft.  a  sec.  per  sec.     18.  One  second. 

20.  mm.     21.   100  ft.     22.   10  2  sec.     23.  15  sec. 
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26.  The  radius  through  it  is  60°  from  vertical. 

33.  £  sees.  ;  ?^ft.     36.  49-05  kilos.     38.  They  are  equal. 

v  v2 

40.   2,000  pdls.  =  62J  pds.  (approx.)     41.   6 J  ft  per  sec. 
42.   9  —  (long)  tons.     Use  principle  of  energy.     43.  5  ft. 
44.  11,520,000.     46.  1.     47.  6-514. ..  .inches.    48.192,000. 
49.  11  sec. 

50.  310-6 ft.  per  sec.      51.  800  ft.  per  sec;  §  of  level 

range.     55.  v2  sin  2a  =  gc  I  1  -f  —  )  •  56.  a  =  45° ;  see  No.  55. 

59.    27 1.      60.    In    old    directrix.       61.    Time    is    2u    sin 
(a  __  £)  /  g  (1  _  e)   cos   /3  .       62.    tan-1  ;u.        63.    Distant 

from  centre  -  sin 7  /  sin •  64.  Base  and  axis  equally 

n        n  —  1'         n  —  1 

inclined  to  vertical. 

66.  22-82 pds. 

67.  222f  pds.     70.  16  ft.  j  6  sec.     73.  Bisection-of  line  join- 
ing "  3  "  to  that  point  of  trisection  of  opposite  side  nearer  to  "  2." 

74.  Vertical  through  A  trisects  BG  ;  no. 

2 

75.  If  C  be  the  centre  of  large  disc,  CG  =  y-  in. 

83.  2  lbs.     85.  The  weight  of  one  sphere. 
93.  50  lbs.  j    1  ft.  from  middle.     94.  Nearly  26,000  square 
miles. 


